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1 Introduction

The Galilei algebra and its centrally extended version, the Bargmann algebra, play a central
role in physics. They describe the kinematics of particles moving at velocities much smaller
than the speed of light. From the perspective of group theory, such non-relativistic particles are
described by coadjoint orbits or, in the quantum case, by unitary irreducible representations of
the Bargmann group, where the mass is non-vanishing [2]. Surprisingly, the Galilei/Bargmann
group admits various other coadjoint orbits and unitary irreducible representations (see,
e.g., [1] for a complete classification), most of which lack a clear physical interpretation,
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even though they are mathematically well-defined (see, e.g., [3] for a particular application
to geometrical optics).

In this work, we show that the coadjoint orbits and unitary irreducible representations of
the Bargmann group, which are often ignored in applications in nonrelativistic physics, play a
key role in the description of certain systems with restricted mobility. These so-called planons
belong to the class of fracton models [4–7]. Furthermore, systems with these symmetries are,
via duality to elasticity in 2 + 1 dimensions, experimentally realised [8].1

Systems with immobility or restricted mobility have shown up at various corners of
physics with possible applications ranging from quantum memory [4–7], to (conformal)
carrollian symmetries and their relation to asymptotically flat spacetimes [9–13]. Due to the
restricted mobility, standard quantum field theories results often do not apply. This therefore
presents novel challenges and consequently new opportunities to sharpen our understanding
of quantum field theories [14, 15]. One intriguing question arises: What defines these novel
particles with restricted mobility, and how can they be coupled to other systems?

In this work we answer this question for particles with conserved electric charge, but
what might be less familiar, also conserved dipole moment and trace (of quadrupole) charge

Q =
∫
d3xρ D =

∫
d3xρx Z = 1

2

∫
d3x ρ ∥x∥2 . (1.1)

These charges can be derived as a consequence of the following current conservation and
suitable fall-offs for the fields towards spatial infinity

ρ̇+ ∂i∂jJ
ij = 0 δijJ

ij = 0 . (1.2)

To build some intuition let us first consider a charged isolated monopole with trajectory
z(t) and charge density ρ = qδ(x − z(t)). Since q is constant, the charge Q = q is trivially
conserved, however the conservation of the dipole moment, Ḋ = qż(t) = 0, puts restrictions
on the mobility. Hence, isolated monopoles are immobile which is the characteristic feature
of fractons [4–6].

What about dipoles? The charge density of a dipole with a constant dipole moment d

is given by ρ = −di∂iδ(x − z(t)) and leads to the following charges

Q = 0 D = d Z = d · z(t) . (1.3)

As expected, the charge vanishes and the dipole moment is conserved, but the trace charge
puts restrictions on the mobility

Ż = d · ż(t) = 0 . (1.4)

From this condition, it is clear that the conservation of the trace charge implies that the
velocity along the direction of the dipole moment must vanish. Thus the dipole can move
only in the plane orthogonal to its dipole moment, maintaining its orientation, see figure 1.

1The relation is between fractons and crystalline defects. The immovable fractons (or monopoles) correspond
to disclinations, whereas the partially movable dipoles correspond to dislocations. The allowed motion which
is restricted to be orthogonal to the dipole moment is then related to the glide constraint in crystals which
allows dislocations to move only in the direction of the Burgers vector.
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Figure 1. Due to the conservation of the trace charge Ż = d · ż (t) = 0 planons with dipole moment
d are allowed to move but are restricted to the plane transversal to the dipole moment.

This distinctive characteristic feature justifies why they are referred to as “planons.” As we
will explain, planons have an interesting mixed Carroll-Galilei symmetry. Intuitively the
particle Lagrangian is invariant under galilean boosts in the transverse direction, where it
can move freely, and under carrollian boosts in the direction in which its motion is restricted.

The whole system also possesses rotational, time and spatial translational symmetries,
whose generators we denote by Lab, H, Pa. The planon algebra, which is an instance of
the multipole algebra [16], is then spanned by {Lab, Pa, Q,Da, Z := δabQab, H}. There
are no boost generators, since like for fractons, the geometry is aristotelian [17, 18]. The
non-vanishing brackets are

[Lab, Lcd] = δbcLad − δacLbd − δbdLac + δadLbc (1.5a)
[Lab, Pc] = δbcPa − δacPb (1.5b)
[Lab, Dc] = δbcDa − δacDb (1.5c)

[Pa, Z] = Da (1.5d)
[Pa, Db] = δabQ , (1.5e)

where H is central. As already emphasised by Gromov [16], this algebra is closely related
to the centrally extended Galilei algebra, i.e., the Bargmann algebra. We have summarised
their correspondence in appendix A and table 4, and at various instances we will use or
contrast our results to this case [1].

The classical elementary particles of a Lie group G are its homogeneous symplectic
manifolds. Roughly speaking, these are the coadjoint orbits of one-dimensional central
extensions of G. In section 2.1 we exhibit the unique (nontrivial and up to equivalence)
one-dimensional central extension of the planon group. At the Lie algebra level, this consists
in adding a new generator W to the above basis for the planon algebra and modifying the
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Lie brackets in equation (1.5) by the addition of

[H,Z] = W . (1.6)

In section 2.2 we study the coadjoint representation of the centrally extended planon group
or, equivalently, the action of the centrally extended planon group on the conserved charges.
We then restrict our attention to 3 spatial dimensions and classify the coadjoint orbits in
section 2.3. These are summarised in table 1.

In section 3 we discuss the mobility of the classical particles. We start in section 3.1
with a review of how to associate a particle trajectory with a coadjoint orbit. We use the
data defining the coadjoint orbit to define a variational problem for curves in the Lie group:
curves which we can then map to particle trajectories on a chosen homogeneous spacetime
of the Lie group. This is done for each of the coadjoint orbits in section 3.2 and the results
are summarised in table 2. We then concentrate on those coadjoint orbits of the unextended
planon group (the other orbits lead to trajectories where energy is unbounded from below)
and study their dynamical systems in more detail in section 3.3. We indeed find a monopole
(and its spinning counterpart) from first principles

Smono [x,π] =
∫
dt[π · ẋ] . (1.7)

As expected, the equation of motion restricts the mobility to ẋ = 0. It is interesting
to note that this particle is related to the well-known massive Galilei particle, where the
immobility translates into the constancy of velocity (see section 3.3.4 for details). We also
find elementary dipoles with movement restricted to a plane. They are related to the often
ignored massless Galilei orbits.

In section 4 we construct composite dipoles from the bound state of two monopoles,
leading to the action

Sdip[z,π,σ,d] =
∫
dt
[
πiż

i + σiḋ
i −H

]
H = 1

2mPijπ
iπj (1.8)

where Pij = δij−d̂id̂j is the projector transverse to the dipole moment, and d̂ is the unit vector
in the direction of the dipole moment. This system has the expected planon symmetries and
(im)mobilty, which can be seen as a consequence of a novel mixed Carroll-Galilei symmetry.
In the transverse direction, the particle admits Galilei boosts and can therefore freely move.
In the longitudinal direction, it has a Carroll boost symmetry and is therefore stuck, since
isolated Carroll particles [19, 20] like fractons [21] cannot move.

Following [22], this particle action can be consistently coupled to the traceless scalar
gauge theory [23]

Sint[z,d] =
∫
dtd3x

[
ϕρ−AijJ

ij
]

=
∫
dt
[
∂iϕ(t, z(t))di +Aij(t, z(t))d⟨i ż j⟩

]
. (1.9)

where ϕ represents the scalar potential, while Aij is the symmetric and traceless tensor
potential. Here and in the following, angle brackets will implement the symmetric and
traceless projection. The variation of the coupled system leads to the generalised Lorentz
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force law presented by Pretko [23], but now follows from an action principle including a
planon particle.

In section 4.5, we discuss the quantisation of the composite model and obtain a gaussian
Schrödinger-like theory described by the field ψ(t,x), with action

S[ψ,ψ∗] =
∫
dtd3x

[
iψ∗Dtψ − 1

2mP ijDiψ(Djψ)∗
]
, (1.10)

where we have introduced Dt = ∂t − idi∂iϕ and Di = i∂i + Aikd
k with d being a constant

parameter. This model already appeared in [24, 25] (see also [7, II.B.3]) in the context
of fracton/elasticity duality. The uncoupled theory once again exhibits the Carroll-Galilei
symmetry previously discussed (see section 4.6).

In section 5 we study the planon elementary quantum systems, i.e., the unitary irreducible
representations (UIRs) of the centrally extended planon group. We use the fact that the
centrally extended planon group can be written as a semidirect product B ⋉ A with B

isomorphic to the Bargmann group and A a two-dimensional abelian group, in order to
apply the Mackey method to construct UIRs. As shown in appendix C, the semidirect
product is regular and hence Mackey theory guarantees that all UIRs can be obtained as
induced representations. There are two kinds of UIRs: those which are induced from UIRs
of the Bargmann group and those which are induced from UIRs of a Carroll subgroup of
the Bargmann group. This allows us to borrow (after some translation) the results of [1]
on the UIRs of the Bargmann group and of [26] on the UIRs of the Carroll group in order
to determine the UIRs of the centrally extended planon group. Rawnsley’s theorem [27]
guarantees that these UIRs are obtained by geometric quantisation of coadjoint orbits and
we display this correspondence in table 3.

We close with a discussion in section 6, where we mention various generalisations and
also argue that defects in crystals at low temperatures are carrollian.

The paper contains three appendices. In appendix A we summarise the results in [1]
about the Bargmann group in planon language, setting up a useful dictionary between
the two. Appendix B, contains a technical result about (not necessarily universal) central
extensions. Finally, appendix C checks that the semidirect product description of the centrally
extended planon group is regular, a technical result needed to guarantee that the Mackey
method is exhaustive.

2 Classical planon particles

We follow the philosophy of Souriau [28], in which classical planon particles are to be identified
with homogeneous symplectic manifolds of the planon group. Unlike the case of fractons,
which we treated in this language in [21, 26], the planon group has nontrivial symplectic
cohomology and that means that its homogeneous symplectic manifolds are not necessarily
coadjoint orbits of the planon group, but of a one-dimensional central extension, which we
will describe in section 2.1. After describing this group we discuss its coadjoint orbits in
general dimension in section 2.2, before specialising to spatial dimension n = 3 in section 2.3.
We list all the coadjoint orbits explicitly as zero loci of equations and give a representative
for each orbit. These are listed, along with the stabiliser of the chosen representative, in
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table 1. This will then be the departing point to analyse the elementary particle dynamics
and their mobility in section 3.

2.1 The central extension of the planon group

Let Gpla ∼= B×R denote the (connected, simply-connected) planon group, which is isomorphic
to the product of the (connected, simply-connected) Bargmann group B and the additive
group of reals. The Lie algebra gpla is the span of ⟨Lab, Pa, Da, Z,Q,H⟩ where the Bargmann
algebra b in planon language is the span of b = ⟨Lab, Da, Pa, Z,Q⟩ with H spanning the Lie
algebra of R. In the language of our recent summary [1] of Galilei particles, what we call
Pa, Da, Z,Q here are there called Ba, Pa, H,M , respectively. We will be reusing many of the
results in [1], but translating the generators into planon language. The precise dictionary is
the subject of appendix A. The Lie brackets of gpla are given by the standard kinematical Lie
brackets, which say that r = ⟨Lab⟩ ∼= so(n) is the rotational subalgebra, Da, Pa are vectors
and Z,Q,H are scalars, and in addition the following nonzero brackets:2

[Pa, Z] = Da and [Pa, Db] = δabQ. (2.1)

The canonical dual basis for g∗pla is
〈
λab, πa, δa, ζ, θ, η

〉
. Central extensions are classified up

to equivalence3 by the Chevalley-Eilenberg group H2(gpla; R). Provided that n ≥ 3, which
we will assume and in fact later specialise to n = 3, we can compute this group from the
r-basic subcomplex C•(gpla, r; R) consisting of r-invariant cochains which have no legs along
r. This complex is very easy to describe:

C1(gpla, r; R) = ⟨η, θ, ζ⟩

C2(gpla, r; R) =
〈
δabπ

a ∧ δb, η ∧ θ, η ∧ ζ, θ ∧ ζ
〉
.

(2.2)

The Chevalley-Eilenberg differential ∂ : C1(gpla, r; R) → C2(gpla, r; R) is given by

∂η = ∂ζ = 0 and ∂θ = δabπ
a ∧ δb. (2.3)

We do not need to know what ∂πa is for this calculation. This is because the only generator
in C2(gpla, r; R) which involves πa is obviously a coboundary. The 2-cocycles are spanned
by

〈
δabπ

a ∧ δb, η ∧ ζ
〉

and hence the cohomology is one-dimensional:

H2(gpla; R) ∼= H2(gpla, r; R) = ⟨[η ∧ ζ]⟩ (2.4)

spanned by the cohomology class of η ∧ ζ. This signals the existence of a nontrivial central
extension g of the planon algebra gpla obtained by adding a new generator W and a new
Lie bracket

[H,Z] = W. (2.5)
2To highlight the translation, these are the Bargmann brackets [Ba, H] = Pa and [Ba, Pb] = δabM .
3Equivalence of central extensions refines the notion of Lie algebra isomorphism: two central extensions

might be isomorphic as Lie algebras and yet inequivalent as central extensions, since equivalence requires that
the isomorphism be the identity both on the Lie algebra being extended and on the central ideal.
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In summary, we will let G denote the (connected, simply-connected) centrally extended
planon group, with Lie algebra g = ⟨Lab, Pa, Da, Q, Z,H,W ⟩ and Lie brackets

[Pa, Z] = Da, [Pa, Db] = δabQ and [H,Z] = W, (2.6)

beyond the kinematical ones involving Lab. In the nomenclature of [29], this is a (4, 2)
kinematical Lie algebra (KLA).

2.2 Coadjoint orbits

We now work out the coadjoint orbits of the centrally extended planon group G. We observe
that G ∼= B ⋉ A, where A is the abelian group with Lie algebra a = ⟨H,W ⟩ and B is the
Bargmann group with Lie algebra b = ⟨Lab, Pa, Da, Q, Z⟩ as already described above. In [1]
we worked out the coadjoint orbits of the Bargmann group and we can re-use these results
thanks to the following lemma. The notation ann a in the Lemma means the annihilator of
a ⊂ g. This is the subspace of g∗ consisting of all linear functions on g which vanish identically
on a. Two of the basic isomorphism theorems in linear algebra are that a∗ ∼= g∗/ ann a and
dually that ann a ∼= (g/a)∗.

Lemma 1. Let G = B ⋉ A where A is abelian and let β ∈ ann a ⊂ g∗ be a moment of B.
Then for all a ∈ A, Ad∗

a β = β.

Proof. Let a ∈ A and β ∈ ann a. Then Ad∗
a β = β ◦ Ada−1 . Let X ∈ g.

We claim that Ada−1 X = X mod a. Indeed, using that A is a normal subgroup

exp(tAda−1 X) = a−1 exp(tX)a
= a−1 exp(tX)a exp(−tX) exp(tX)
= a−1a(t) exp(tX),

where a(t) is a curve in A through a. Differentiating with respect to t at t = 0,

Ada−1 X = X + a−1ȧ(0)︸ ︷︷ ︸
∈a

.

Therefore,

⟨Ad∗
a β,X⟩ = ⟨β,Ada−1 X⟩

= ⟨β,X mod a⟩ (by the above claim)
= ⟨β,X⟩ (since β ∈ ann a)

and since this holds for all X ∈ g, it follows that Ad∗
a β = β.

This has as a consequence that if β is a Bargmann moment, its coadjoint orbit under
G agrees with its Bargmann coadjoint orbit. Indeed, we can write every g ∈ G uniquely as
g = ba with b ∈ B and a ∈ A, and hence, since Ad∗ is a representation,

Ad∗
g β = Ad∗

b Ad∗
a β = Ad∗

b β, (2.7)

where we have used the Lemma in the second equality.
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If τ = α + β ∈ g∗ is such that β ∈ ann a ∼= b∗ and α ∈ ann b ∼= a∗, then under
g = ba, we have that

Ad∗
g(α+ β) = Ad∗

b Ad∗
a(α+ β)

= Ad∗
b β + Ad∗

b Ad∗
a α,

(2.8)

where Ad∗
b β can be read off from the results in [1], suitably translated, as in appendix A. See

in particular equation (A.4) in general and equation (A.5) for n = 3.
Let us use these results to calculate the coadjoint action of the generic element of

G, denoted

g(φ, φ̃,β,a, R, s, w) = b(φ, φ̃,β,a, R) exp(sH + wW ), (2.9)

on the moment

M(q, q̃,d,p, J, E, c) = 1
2Jabλ

ab + paπ
a − daδ

a + q̃ζ + qθ + Eη + cω, (2.10)

where we have introduced η, ω ∈ g∗ obeying ⟨ω,W ⟩ = 1 and ⟨η,H⟩ = 1 and zero otherwise.
We calculate that ad∗

Z ω = η and ad∗
H ω = −ζ. The generic G moment is a sum β +Eη + cω,

where β is a Bargmann moment.
Let a = exp(sH +wW ) and let us calculate Ad∗

a(Eη+ cW ). Since W is central, ad∗
W = 0

and hence Ad∗
a = exp(s ad∗

H), resulting in

Ad∗
a(Eη + cW ) = exp(s ad∗

H)(Eη + cW ) = Eη + cω − csζ. (2.11)

Let b = b(φ, φ̃,β,a, R) and let us calculate Ad∗
b(Eη + cω − csζ). Only Z acts nontrivially

on this subspace, hence

Ad∗
b(Eη + cω − csζ) = exp(φ̃ ad∗

Z)(Eη + cω − csζ) = (E + cφ̃)η + cω − csζ. (2.12)

Putting this all together we now have that

Ad∗
g(φ,φ̃,β,a,R,s,w) M(q, q̃,d,p, J, E, c) = M(q′, q̃′,d′,p′, J ′, E′, c′) (2.13)

where, using equation (A.4),

J ′ = RJRT + β(Rd + qa)T − (Rd + qa)βT + (Rp)aT − a(Rp)T

p′ = Rp + qβ + φ̃(Rd + qa)
d′ = Rd + qa

q̃′ = q̃ +Rd · a + 1
2q∥d∥2 − cs

q′ = q

c′ = c

E′ = E + cφ̃,

(2.14)
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and in the special case of three dimensions (n = 3) we have, using equation (A.5), that

j′ = Rj − β × (Rd + qa) + a ×Rp

p′ = Rp + qβ + φ̃(Rd + qa)
d′ = Rd + qa

q̃′ = q̃ +Rd · a + 1
2q∥d∥2 − cs

q′ = q

c′ = c

E′ = E + cφ̃.

(2.15)

2.3 Coadjoint orbits for n = 3

Since Q and W span the centre of g, they span the kernel of the (co)adjoint representation
of g. This means that the group acting effectively on g∗ is the quotient of G by the centre,
which is the subgroup generated by Q and W . This quotient is isomorphic to the direct
product of the Galilei group with the one-parameter subgroup generated by H. In other
words, coadjoint orbits are homogeneous symplectic manifolds of Gal × R, where Gal the
group generated by

〈
Lab, P a, Da, Z

〉
, where X 7→ X is the quotient of g by the centre.

Homogeneous symplectic manifolds of Gal × R are coadjoint orbits of a one-dimensional
central extension. The group Gal × R has two-dimensional symplectic cohomology and the
group G is a two-dimensional central extension, which although not universal (the planon
group is not perfect and therefore has no universal central extension), nevertheless is such
that it surjects onto any one-dimensional central extension. We can see this at the level of the
Lie algebra and the details are in appendix B. Hence every one-dimensional central extension
of Gal × R is the quotient of G by a one-dimensional central subgroup. Such a subgroup is
generated by a line in the plane in g spanned by Q and W . There are two classes of such
lines: those spanned by W and those spanned by Q − λW , with λ ∈ R.

Quotienting by the one-parameter subgroup generated by W we obtain the planon group
B × R, with B the Bargmann group. These are the coadjoint orbits with c = 0, which are in
one-to-one correspondence with the Bargmann coadjoint orbits, recalled in table 5, embedded
in g∗ by placing them at a fixed value of E.

The orbits with c ≠ 0 are coadjoint orbits of the quotient of G by the central subgroup
generated by Q−λW . Those coadjoint orbits sit inside the hyperplane of g∗ corresponding to
the zeros of the linear function Q− λW , hence those moments with q = λc. The Lie algebra
of this group is generated by ⟨Lab, Pa, Da, H, Z,W ⟩ and the non-generic brackets are now

[Pa, Z] = Da, [Pa, Db] = δabλW and [H,Z] = W. (2.16)

We have two cases to consider: λ = 0 and λ ≠ 0, in which case we may set λ = 1 by
rescaling W and H. (Later in section 5, when we discuss UIRs, it is more convenient not
to do the rescaling and keep λ general.)

The case λ = 0 is when we quotient by the central subgroup generated by Q and hence
corresponds to those coadjoint orbits with q = 0 and c ̸= 0. From equation (2.15) we see
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that the coadjoint action of Gal × R is given in this case by

j′ = Rj − β ×Rd + a ×Rp

p′ = Rp + φ̃Rd

d′ = Rd

q̃′ = q̃ +Rd · a − cs

E′ = E + cφ̃.

(2.17)

In this case it is evident that ∥d∥2, ∥p×d∥2 and E∥d∥2 − cp ·d are polynomial functions
which are constant on the orbits. We may enumerate these orbits as follows.

• (d = 0) In this case, the coadjoint action simplifies to

j′ = Rj + a ×Rp

p′ = Rp

q̃′ = q̃ − cs

E′ = E + cφ̃,

(2.18)

from where we observe that ∥p∥2 and p · j are polynomial invariants of the orbits.

– (p = 0) In this case the coadjoint action simplifies further to

j′ = Rj

q̃′ = q̃ − cs

E′ = E + cφ̃,

(2.19)

and hence ∥j∥2 is invariant.
If j = 0, then the orbit is the affine plane where E, φ̃ can take any values and
c = c0 ̸= 0. The equations for these two-dimensional orbits are

p = d = j = 0, q = 0 and c = c0 ̸= 0. (2.20)

We see that there are 11 equations, as expected for two-dimensional orbits of
13-dimensional Lie group.
If ∥j∥2 = ℓ2 > 0, the orbit is the product of a sphere of radius ℓ and the affine
plane above. The orbits are four-dimensional and indeed they are cut out by 9
polynomial equations:

p = d = 0, ∥j∥2 = ℓ2, q = 0 and c = c0 ̸= 0. (2.21)

– (p ≠ 0) Let ∥p∥2 = p2 > 0 and p · j = hp ∈ R. These two equations are
supplemented by 5 more equations: d = 0, q = 0 and c = c0 ̸= 0. The orbit is
6-dimensional and looks like the product of the cotangent bundle of the 2-sphere
of radius p and the affine plane above. A convenient orbit representative for this
orbit is M(0, 0,0, pu, hu, 0, c0) where u is a fixed unit vector. It is not hard to
determine that the stabiliser of that point is 7-dimensional, as expected.
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• (d ̸= 0) Let ∥d∥2 = d2 > 0.

– (p×d = 0) This says that p and d are collinear: p = ±p
dd, with the sign denoting

whether they are parallel or antiparallel. In this case, j · d is now invariant and so
is Ed∓ cp. The coadjoint action becomes now

j′ = Rj +
(
±p
d

a − β

)
×Rd

p′ =
(
±p
d

+ φ̃

)
Rd

d′ = Rd

q̃′ = q̃ +Rd · a − cs

E′ = E + cφ̃.

(2.22)

The orbits are six-dimensional, being cut out by 7 equations:

q = 0, c = c0 ̸= 0, p × d = 0, ∥d∥2 = d2 > 0,
∥Ed − cp∥2 = E2

0d
2 ≥ 0 and j · d = hd ∈ R.

(2.23)

We can take as orbit representative the moment M(0, 0, du,±E0d
c0

u, hu, 0, c0),
where u is a fixed unit vector. It is not hard to show that the stabiliser subgroup
of that moment is 7-dimensional, as expected. We must distinguish a special case
of this orbit: when E0 = 0. In that case, we can choose as representative the
moment with both E = 0 and p = 0: M(0, 0, du,0, hu, 0, c0). There is no longer
a sign ambiguity in this case.

– (p × d ≠ 0) We decompose p = p
d cos θd + p⊥, where p⊥ · d = 0. Let ∥p⊥∥2 =

p2 sin2 θ. Then the orbit is cut out by 5 equations:

q = 0, c = c0 ̸= 0, ∥d∥2 = d2 > 0, ∥p × d∥2 = (pd sin θ)2 > 0
and Ed− c0p cos θ = ϵ0d ∈ R.

(2.24)

The orbit is parametrised by the values d, p, θ, c, where the invariants are c, d, p sin θ
and ϵ0 := E − cp

d cos θ. We can take as orbit representative the moment
M(0, 0, du, p sin θu⊥ − ϵ0d

c0
u,0, 0, c0), where u,u⊥ are chosen perpendicular unit

vectors. It is not hard to determine the stabiliser subgroup and show that it is
5-dimensional, as expected.

The case λ = 1 sets q = c in equation (2.15) to give

j′ = Rj − β × (Rd + ca) + a ×Rp

p′ = Rp + cβ + φ̃(Rd + ca)
d′ = Rd + ca

q̃′ = q̃ +Rd · a + 1
2c∥d∥2 − cs

E′ = E + cφ̃.

(2.25)
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# Orbit representative Stabiliser Equations for orbits
α = M(q, q̃,d,p, j, E, c) Gα ∋ g(φ, φ̃,β,a, R, s, w)

0 M(0, q̃0,0,0,0, E0, 0) G c = 0, E = E0, q = 0, q̃ = q̃0,d = p = j = 0
2 M(0, q̃0,0,0, ℓu, E0, 0) {g(φ, φ̃,β,a, R, s, w) | Ru = u} c = 0, E = E0, q = 0, q̃ = q̃0,d = p = 0, ∥j∥ = ℓ

2′ M(0, 0,0,0,0, 0, c0) {g(φ, 0,β,a, R, 0, w)} c = c0, q = 0,p = d = j = 0
4 M(0, q̃0,0, pu, hu, E0, 0) {g(φ, φ̃,β, au, R, s, w) | Ru = u} c = 0, E = E0, q = 0, q̃ = q̃0,d = 0, ∥p∥ = p, j · p = hp

4′ M(0, 0,0,0, ℓu, 0, c0) {gφ, 0,β,a, R, 0, w) | Ru = u} c = c0, q = 0,p = d = 0, ∥j∥ = ℓ

6 M(q0, q̃0,0,0,0, E0, 0) {g(φ, φ̃,0,0, R, s, w)} c = 0, E = E0, q = q0,
1
2q (∥d∥2 − 2qq̃) = q̃0, qj = d × p

6′ M(0, 0, du,0,0, E0, 0) {g(φ, 0, βu,a, R, s, w) | Ru = u,a · u = 0} c = 0, E = E0, q = 0, ∥d∥ = d > 0,d × p = 0
6′′ M(0, 0,0, pu, hu, 0, c0) {g(φ, 0,β, au, R, 0, w) | Ru = u} c = c0, q = 0,d = 0, ∥p∥ = p, j · p = hp

6′′′± M(0, 0, du,±E0d
c0

u, hu, 0, c0) {g(φ, 0,β,a, R, 0, w) | Ru = u, (dβ ∓ pa) × u = 0} c = c0, q = 0,p × d = 0, ∥d∥ = d, j · d = hd, ∥Ed − cp∥ = E0d

6′′′0 M(0, 0, du,0, hu, 0, c0) {g(φ, 0,β,a, R, 0, w) | Ru = u, dβ × u = 0} c = c0, q = 0,p = E
c d, ∥d∥ = d, j · d = hd

8 M(q0, q̃0,0,0, ℓu, E0, 0) {g(φ, φ̃,0,0, R, s, w) | Ru = u} c = 0, E = E0, q = q0,
1
2q (∥d∥2 − 2qq̃) = q̃0, ∥qj − d × p∥ = ℓ

8′ M(0, 0, du, pu⊥,0, E0, 0) {g(φ, 0, βu, au⊥,±I, s, w)} c = 0, E = E0, q = 0, ∥d∥ = d, ∥d × p∥ = dp

8′′ M(0, 0, du, p sin θu⊥ − ϵ0d
c0

u,0, 0, c0) {g(φ, 0,β,a,±I, 0, w) | a × p = β × d} c = c0, q = 0, ∥d∥ = d, ∥p × d∥ = pd sin θ, (E − ϵ0)d2 = cp · d

8′′′ M(c0, 0,0,0,0, 0, c0) {g(φ, 0,0,0, R, 0, w)} c = q = c0, cj = d × p

10 M(c0, 0,0,0, ℓu, 0, c0) {g(φ, 0,0,0, R, 0, w) | Ru = u} c = q = c0, ∥j − 1
c d × p∥ = ℓ

Table 1. Coadjoint orbits of the (extended) planon group G. This table lists the different coadjoint
orbits of the (extended) planon group ordered by increasing dimension. In each case we exhibit a label
(from which one can read off the dimension), an orbit representative α ∈ g∗, its stabiliser subgroup
Gα inside the planon group and the equations defining the orbit. In this table, u and u⊥ stand
for perpendicular unit vectors in R3. Wherever they appear, the parameters c0 and q0 are nonzero,
whereas the parameters ℓ, d, p and E0 are positive. The parameters h and ϵ0 are arbitrary real
numbers. The ±I in the stabiliser is due to the fact that we are working with the simply-connected
spin group and ±I is the centre, which is in the kernel of the geometric action of the spin group on
vectors via rotations.

We can set s = 1
c (q̃ + Rd · a) + 1

2∥d∥2 and φ̃ = −E/c to set q̃′ = E′ = 0. Choose
a = −1

cRd to set d′ = 0 and choose β = −1
cRp to set p′ = 0. Then we remain with

j′ = R(j − 1
c d × p). Therefore we have two kinds of orbits:

• those with j′ = 0, which are 8-dimensional orbits with stabiliser SO(3) × R2; and

• those with j′ ̸= 0, which are 10-dimensional orbits with stabiliser the SO(2) × R2, with
SO(2) the subgroup of SO(3) which preserves j′.

The 8-dimensional orbits are determined by the equation cj − d × p = 0, apart from the
ones which set the constant values of q = c = c0. They consist of the points{

M(c0, q̃,d,p,
1
q

d × p, E, c0)
∣∣∣∣ d,p ∈ R3 and q̃, E ∈ R

}
⊂ g∗. (2.26)

We may take M(c0, 0,0,0,0, 0, c0) as orbit representative.
The 10-dimensional orbits are determined by the equations ∥cj − d × p∥2 = ℓ2, with

ℓ > 0 and q = c = c0. They consist of the points{
M(c0, q̃,d,p, ℓu, E, c0)

∣∣∣ d,p ∈ R3, u ∈ S2 ⊂ R3 and q̃, E ∈ R
}
⊂ g∗. (2.27)

3 Elementary particles and mobility

In this section we study the dynamics of the elementary particles associated with the different
coadjoint orbits, paying particular attention to their (restricted) mobility. Coadjoint orbits
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of the centrally extended planon group are homogeneous symplectic manifolds of the planon
group. Let Oα be the coadjoint orbit corresponding to α ∈ g∗. The orbit map πα : G→ Oα

sends every g ∈ G to Ad∗
g α. Let ω ∈ Ω2(Oα) denote the Kirillov-Kostant-Souriau symplectic

form on the coadjoint orbit: it is a closed non-degenerate 2-form. Pulling back ω via the
orbit map, we get a presymplectic form π∗αω ∈ Ω2(G) in the group: a closed 2-form. In fact,
a calculation shows that it is not just closed, but actually exact: π∗αω = −d ⟨α, ϑ⟩, where
ϑ ∈ Ω1(G; g) is the left-invariant Maurer-Cartan one-form on G and ⟨−,−⟩ denotes the dual
pairing. The primitive ⟨α, ϑ⟩ defines a variational problem for curves on G. If γ : I → G,
where I is some interval containing 0 in the real line, then we define

S[γ] :=
∫

I
⟨α, γ∗ϑ⟩ =

∫
I

〈
α, γ(τ)−1γ̇(τ)

〉
dτ, (3.1)

where τ ∈ I is the parameter along the curve. In section 3.1 we calculate the left-invariant
Maurer-Cartan one-form on G and in section 3.2 we perform a preliminary geometric analysis
of the particle trajectories resulting from the above variational principle. In section 3.3 we
concentrate on some of the more interesting coadjoint orbits (those which are coadjoint orbits
of the planon group itself) and discuss action functionals for trajectories on the corresponding
aristotelian spacetime where the planons live.

3.1 Maurer-Cartan one-form

We record here the pull-back to the space of group parameters of the left-invariant Maurer-
Cartan one-form on G. Let g = ba, with b ∈ B and a = exp(tH + wW ). Then

g−1dg = a−1(b−1db)a+ a−1da = exp(t adH)(b−1db) + dtH + dwW, (3.2)

where we have used that W is central. We can read off b−1db from equation (A.6):

b−1db = A
(
dφ− aTdβ − 1

2∥a∥2dφ̃, dφ̃, RT (dβ + adφ̃), RTda, RTdR

)
(3.3)

and hence

exp(t adH)(b−1db) = A
(
dφ− aTdβ − 1

2∥a∥2dφ̃, dφ̃, RT (dβ + adφ̃), RTda, RTdR

)
+ tdφ̃W,

(3.4)
which we can put together to arrive at an expression for g−1dg. Contracting that expression
with the generic moment M(q, q̃,d,p, J, E, c) we find (using equation (A.7)),〈

M(q, q̃,d,p, J, E, c), g−1dg
〉

= c(dw + tdφ̃) + Edt+ qdφ−
(
q̃ + 1

2q∥a∥2 + (Rβ)T a

)
dφ̃

− (Rd + qa)Tdβ + (Rp)Tda + 1
2 Tr JTRTdR.

(3.5)

Specialising to three dimensions, we find〈
M(q, q̃,d,p, j, E, c), g−1dg

〉
= c(dw + tdφ̃) + Edt+ qdφ−

(
q̃ + 1

2q∥a∥2 +Rβ · a

)
dφ̃

− (Rd + qa) · dβ +Rp · da + j · ε−1(R−1dR).
(3.6)
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# α = M(q, q̃,d,p, j, E, c) ∈ g∗ gα gα ∩ go m

0 M(0, q̃0,0,0,0, E0, 0) g go ⟨H,Pa⟩
2 M(0, q̃0,0,0, ℓu, E0, 0) ⟨W,H,Q,Z,Da, Pa, L3⟩ ⟨W,Q,Z,Da, L3⟩ ⟨H,Pa⟩
2′ M(0, 0,0,0,0, 0, c0) ⟨W,Q,Da, Pa, La⟩ ⟨W,Q,Da, La⟩ ⟨Pa⟩
4 M(0, q̃0,0, pu, hu, E0, 0) ⟨W,H,Q,Z,Da, P3, L3⟩ ⟨W,Q,Z,Da, L3⟩ ⟨H,P3⟩
4′ M(0, 0,0,0, ℓu, 0, c0) ⟨W,Q,Da, Pa, L3⟩ ⟨W,Q,Da, L3⟩ ⟨Pa⟩
6 M(q0, q̃0,0,0,0, E0, 0) ⟨W,H,Q,Z, La⟩ ⟨W,Q,Z, La⟩ ⟨H⟩
6′ M(0, 0, du,0,0, E0, 0) ⟨W,H,Q,D3, P1, P2, L3⟩ ⟨W,Q,D3, L3⟩ ⟨H,P1, P2⟩
6′′ M(0, 0,0, pu, hu, 0, c0) ⟨W,Q,Da, P3, L3⟩ ⟨W,Q,Da, L3⟩ ⟨P3⟩
6′′′± M(0, 0, du,±E0d

c0
u, hu, 0, c0)

〈
W,Q,D3, L3, P3, P1 ∓ E0d

c0
D1, P2 ± E0d

c0
D2
〉

⟨W,Q,D3, L3⟩
〈
P1 ∓ E0d

c0
D1, P2 ∓ E0d

c0
D2, P3

〉
6′′′0 M(0, 0, du,0, hu, 0, c0) ⟨W,Q,D3, L3, P3, P1, P2⟩ ⟨W,Q,D3, L3⟩ ⟨Pa⟩
8 M(q0, q̃0,0,0, ℓu, E0, 0) ⟨W,H,Q,Z, L3⟩ ⟨W,Q,Z, L3⟩ ⟨H⟩
8′ M(0, 0, du, pu⊥,0, E0, 0) ⟨W,H,Q,D3, P1⟩ ⟨W,Q,D3⟩ ⟨H,P1⟩
8′′ M(0, 0, de3, p sin θe2 − ϵ0d

c0
e3,0, 0, c0)

〈
W,Q,D3, P1 − ϵ0

c0
D1, P3 − p

d sin θD1
〉

⟨W,Q,D3⟩
〈
P1 − ϵ0

c0
D1, P3 − p

d sin θD1
〉

8′′′ M(c0, 0,0,0,0, 0, c0) ⟨W,Q,La⟩ ⟨W,Q,La⟩ 0
10 M(c0, 0,0,0, ℓu, 0, c0) ⟨W,Q,L3⟩ ⟨W,Q,L3⟩ 0

Table 2. Stabilisers associated to particle dynamics

3.2 Geometric particle dynamics

We interpret the planon particle dynamics as taking place in an aristotelian spacetime whose
momenta lie in the different coadjoint orbits of G. The discussion here follows that of [1,
section 9] which itself follows the discussion in [21, appendix A.4] (see also e.g., [30–34] and
references therein). As shown in that latter reference, the curves γ(τ) extremising the action
functional in equation (3.1) are of the form γ(τ) = g0c(τ), where g0 ∈ G and c : I → Gα

is any curve in the stabiliser of α. Under the orbit map, πα(γ(τ)) = Ad∗
g0 α, which is a

fixed point in the coadjoint orbit Oα of α. The curve γ can now be mapped to any other
homogeneous space of G via the corresponding orbit map. For example, let M denote the
aristotelian spacetime with (non-effective) Klein pair (g, go), where go = ⟨La, Da, Q,W,Z⟩.
Let Go be the connected subgroup of G with Lie algebra go and let o ∈M be any point with
stabiliser Go. We may use the orbit map πo : G→M to map the curves γ(τ) on G to curves
on M : these are the classical trajectories whose momenta lie in Oα.

If the curve c landed in the intersection Gα ∩Go then clearly this would correspond to
a trajectory which is fixed at the point g0 · o ∈ M . Hence we can choose a complement m

to gα ∩ go in gα, so that gα = (gα ∩ go) ⊕ m and give local coordinates to Gα by choosing
bases for gα ∩ go and for m and write elements in Gα locally as a product of exponentials
exp(X) exp(Y ) with Y ∈ gα ∩ go and X ∈ m. The local coordinates are then the coefficients
of X and Y relative to the chosen bases. The complement m detects the possible directions
along which the particle trajectory can evolve.

In table 2 we list the stabiliser algebras gα for each type of coadjoint orbit in table 1, the
intersection gα ∩ go and a choice of vector space complement m such that gα = (gα ∩ go) ⊕m.

One can read off from this table, that particles corresponding to orbits with c = c0 ̸= 0 do
not evolve in time: as the time translation generator H is not in the stabiliser of α: this just
reflects that energy is not conserved for such orbits and is indeed unbounded from both below
and above. The remaining orbits, labelled 0, 2, 4, 6, 6′, 8 and 8′, are studied in turn below.
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We can read off some properties of those orbits from the table: particles with momenta in
coadjoint orbits of types 0, 2 are unrestricted; those in orbits of types 4, 8′ move along “lines”;
those in orbits of type 6′ move along “planes”; whereas those in orbits of types 6, 8 do not move.
These statements do not necessarily mean that mobility is restricted, but they simply describe
the existence of such particle trajectories. This is analogous to how a massive (galilean or
minkowskian) particle can be boosted to its rest frame, where it appears as if it does not move.

3.3 Particle dynamics

Based on our understanding of the coadjoint orbits, we will now derive actions for the orbits
where c = 0, and we shall analyse their mobility restrictions. Since with the standard planon
interpretation of the generators a nonzero c results in an energy that is unbounded from
below, we will exclude such cases from the current analysis.

Since c = 0 the coadjoint orbits and actions can again be mapped to the Bargmann case
(see, e.g., [1]), although with different physical interpretation. In particular, some of the
orbits most relevant in the context of planons, such as those describing dipoles, correspond
to exotic massless orbits in the Bargmann framework.

In the following, to simplify the interpretation of the orbits, we will replace a with x,
where x represents the position of the corresponding particle and the orbit numbers and
representatives are taken from table 1.

3.3.1 Orbit #0 (trace particle)

Let us consider a coadjoint orbit with a representative given by

α = M(0, q̃0,0,0,0, E0, 0) , (3.7)

where E0 and q̃0 denote the energy and the trace charge, respectively.
The Lagrangian is explicitly obtained from the Maurer-Cartan form (3.6), resulting in

L [φ̃, t] = q̃0 ˙̃φ− E0ṫ . (3.8)

Since this Lagrangian is a boundary term, there is no dynamic associated with it. Given that
the stabiliser is the entire group, this “trace particle” can also be interpreted as a vacuum
configuration. Indeed, from the perspective of the Bargmann group, this orbit is viewed
as a vacuum (see for example, [1]). It is important to note that the symmetries impose
no restrictions on the “mobility.”

3.3.2 Orbit #2 (spinning trace particle)

Let us consider the following representative:

α = M(0, q̃0,0,0, j, E0, 0) (3.9)

where ∥j∥ = ℓ. The Lagrangian associated with this coadjoint orbit is given by

L [φ̃, t, R (ϕ)] = q̃0 ˙̃φ− E0ṫ+ j · ε−1(R−1dR) . (3.10)
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Note that only the spin part of the Lagrangian is not a boundary term. Consequently, this
orbit possesses only spin degrees of freedom.

Following [21], it is useful to adopt the following parametrisation for the rotation matrix:

R (ϕ) = eϕ1ε1eϕ2ε2eϕ3ε3 , (3.11)

with (εa)bc = −εabc. In the particular case where the angular momentum is aligned with
the z-axis, we can write:

L [φ̃, t,ϕ] = q̃0 ˙̃φ− E0ṫ+ ℓ
(
ϕ̇3 + sin (ϕ2) ϕ̇1

)
. (3.12)

If one removes the boundary terms, the Lagrangian can be rewritten as

L
[
Π1, ϕ1

]
= Π1ϕ̇1, (3.13)

where Π1 := ℓ sinϕ2 is the canonical conjugate to ϕ1.
In the context of the Bargmann group interpretation, this configuration represents a

“spinning vacuum.”

3.3.3 Orbit #4 (spinning trace particle with momentum)

For this orbit, it is necessary to consider the following representative:

α = M (0, q̃0,0,p, j, E0, 0) , (3.14)

where ∥p∥2 = p2
0 is a constant, with p0 > 0. Additionally, j · p = p0h0 for a real constant

h0. As a consequence, we can express

p = p0n̂, (3.15)

where

n̂ = (sinϕ2,− sinϕ1 cosϕ2,− cosϕ1 cosϕ2) . (3.16)

The Lagrangian corresponding to this orbit is then given by

L [φ̃, t,x,ϕ] = q̃0 ˙̃φ+ p · ẋ − E0ṫ+ j · ε−1(R−1dR). (3.17)

Assuming that j and p are both aligned along the z-axis, such that j = (0, 0, j0) and
p = (0, 0, p0), the Lagrangian can be expressed as

L [φ̃, t,x,ϕ] = q̃0 ˙̃φ+ h0
(
ϕ̇3 + sin (ϕ2) ϕ̇1

)
+ p0n̂ · ẋ − E0ṫ. (3.18)

If the boundary terms are discarded, and the following canonical momenta are introduced:

π := ∂L

∂ẋ
= p0n̂ Π1 := ∂L

∂ϕ̇1
= h0 sinϕ2, (3.19)

which satisfy the constraints

∥π∥2 − p2
0 = 0 p0Π1 − h0π1 = 0, (3.20)
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then the Lagrangian in canonical form can be written as

Lcan
[
x,π, ϕ1,Π1, η, η1

]
= Π1ϕ̇1 + π · ẋ − η

(
∥π∥2 − p2

0

)
− η1

(
p0Π1 − h0π1

)
. (3.21)

The dynamics of this particle can be understood in terms of carrollian, and galilean
physics. In the carrollian context, the dynamics arising from this Lagrangian were explored
in section 3.4 of [21], where it was referred to as “massless carrollion.” This Lagrangian
corresponds to one of the massless coadjoint orbits of the Carroll group. The specific
case where the spin vanishes had been previously studied in [35]. On the other hand, this
Lagrangian appears in one of the massless representations of the Bargmann group, where the
position of the particle is replaced by its velocity. This case was analysed in section 8.3.3 of [1].

3.3.4 Orbit #6 (monopole)

The coadjoint orbit in this case is determined by the following representative:

α = M (q0, q̃0,0,0,0, E0, 0) . (3.22)

The Lagrangian is given by

L [φ, φ̃,β,x, t] = −E0ṫ+ q0φ̇+ q̃0 ˙̃φ− 1
2q0 ∥x∥2 ˙̃φ− q0x · β̇ . (3.23)

We fix the gauge τ = t and ignore the remaining boundary terms. Furthermore, it is useful to
perform integration by parts on the last two terms. The Lagrangian can then be expressed
as follows, where the derivatives are now with respect to the physical time t

L [φ̃,β,x] = q0 (xφ̃+ β) · ẋ. (3.24)

The Lagrangian can be written in Hamiltonian form by introducing the conjugate variable
to x, defined as

π := ∂L

∂ẋ
= q0 (xφ̃+ β) . (3.25)

The Lagrangian then becomes

L [x,π] = π · ẋ. (3.26)

The equations of motion are given by

ẋ = 0 π̇ = 0 (3.27)

showing that this particle cannot move. Although we refer to it as a monopole, it actually
carries both electric and quadrupole charges.

It is interesting to contrast the monopole with the corresponding Bargmann case, which
is the well-known massive Galilei particle (see appendix A for more details concerning the
dictionary). The starting point is the action

L[a+, t,x,v] = 0 +mȧ+ − E0ṫ−
1
2m ∥v∥2 ṫ+mv · ẋ , (3.28)
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which agrees with (3.23), up to the first term which has no counterpart in the Galilei case,
and immaterial changes of signs. Again we gauge fix the physical time τ = t and ignore
the remaining boundary terms, which leads to

L[x,v] = −1
2m ∥v∥2 +mv · ẋ , (3.29)

that must be contrasted with (3.24). In particular, varying (3.29) with respect to x leads to

v̇ = 0 , (3.30)

which is the galilean analog of ẋ = 0 of (3.27).
We can now vary (3.29) with respect to v, which leads to the equation v = ẋ. We are

then allowed to substitute this back into the action to obtain

L[x] = 1
2m ∥ẋ∥2 . (3.31)

As is well known, these particles move along straight lines.
This example shows that the physical interpretation of the parameters do play an

important role for the mobility the particle models.

3.3.5 Orbit #8 (spinning monopole)

Let us consider the following representative of the coadjoint orbit

α = M (q0, q̃0, 0, 0, j, E0, 0) , (3.32)

where ∥j∥2 = ℓ2 is a constant.
The Lagrangian is given by

L [φ, φ̃,x,β, t, R (ϕ)] = q0φ̇+
(
q̃0 −

1
2q0 ∥x∥2

)
˙̃φ− q0x · β̇ − E0ṫ+ j · ε−1(R−1dR). (3.33)

Using the parametrisation for the rotation matrix in (3.11), the spin part becomes

Lspin (ϕ) = ℓ
(
ϕ̇3 + sinϕ2

)
ϕ̇1. (3.34)

By introducing the canonical momenta as defined in eq. (3.19) and neglecting boundary
terms, the Lagrangian in canonical form can be expressed as:

L
[
x,π, ϕ1,Π1

]
= Π1ϕ̇1 + π · ẋ. (3.35)

This action depends on 8 independent canonical variables, which coincides with the dimension
of the coadjoint orbit. In the context of the Bargmann interpretation, it describes a massive
spinning particle.
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3.3.6 Orbit #6’ (dipole)

Let us consider the following representative:

α = M (0, 0,d,0,0, E0, 0) , (3.36)

where ∥d∥2 = d2
0 with d0 being a constant.

The Lagrangian is given by

L [ϕ,x,β, φ̃, t] = (Rd) · x ˙̃φ+ (Rd) · β̇ − E0ṫ . (3.37)

It is useful to define the following fields:

D := Rd0 Q̃ := D · x , (3.38)

where the field D represents the dipole moment obtained by applying a generic rotation to
the representative dipole moment d. The field Q̃ can be interpreted as describing the degree
of freedom associated with the trace charge. They satisfy the following constraints

∥D∥2 − d2
0 ≈ 0 Q̃− D · x ≈ 0 . (3.39)

Thus, we can write

L [t, E, φ̃,D,β,x,π, η1, η2,η3, N ] = − Eṫ+ Q̃ ˙̃φ+ D · β̇ + π · ẋ

− η1C1 − η2C2 − η3 · C3 −NC4 , (3.40)

with the constraints

C1 := ∥D∥2 − d2
0 ≈ 0 (3.41)

C2 := Q̃− D · x ≈ 0 (3.42)
C3 := π ≈ 0 (3.43)
C4 := E − E0 ≈ 0 . (3.44)

The equations of motion are given by

˙̃φ = η2
˙̃Q = 0 (3.45)

β̇ = 2η1D − η2x Ḋ = 0 (3.46)
ẋ = η3 π̇ = η2D (3.47)
ṫ = −N Ė = 0 . (3.48)

The time derivative of the constraints do not generate secondary constraints. However, it
imposes conditions on certain Lagrange multipliers, indicating that some of the constraints
are of second-class. Indeed, the time derivative of C3 yields η2 = 0, while the time derivative
of C2 gives

D · ẋ = D · η3 = 0 . (3.49)

– 19 –



J
H
E
P
1
1
(
2
0
2
5
)
0
3
0

Thus, the velocity component in the direction of the dipole moment vanishes, a key charac-
teristic of a planon. Moreover, as we will show below, the components of x perpendicular to
the dipole moment transform under gauge transformations, indicating that the dipole can
move freely within the plane orthogonal to its dipole moment.

To complete the analysis, we will classify the constraints into first and second-class
constraints. The second-class constraints are represented by the pair:

χ1 := C1 = Q̃− D · x χ2 := D · π . (3.50)

Indeed, they obey the following Poisson bracket:

{χ1, χ2} = −d2
0 ̸= 0. (3.51)

On the other hand, the first-class constraints are given by

C1 = ∥D∥2 − d2
0 ≈ 0 πT := π − 1

d2
0

(D · π) D ≈ 0 . (3.52)

Notice that the constraint C3 = π ≈ 0 was split between its second-class part χ2 and its
first-class part πT . As mentioned above, the first-class constraints generate, via G = λ(t) ·πT ,
gauge transformations of the coordinates δλx = {x, G} = λT , which are perpendicular to
the dipole moment.

Given the 16 canonical variables, 4 first-class constraints, and 2 second-class constraints,
the number of independent degrees of freedom is 16 − 2 × 4 − 2 = 6, which matches the
dimension of the orbit.

The Lagrangian simplifies when the second-class constraints are enforced to vanish
strongly, χ1 = χ2 = 0. By further applying the gauge-fixing conditions τ = t and xT = 0,
and solving some of the first-class constraints, we obtain:

L [x, φ̃,D,β] = d0x
L ˙̃φ+ D · β̇ − η1

(
∥D∥2 − d2

0

)
, (3.53)

where xL := D
d0

· x.
In the context of the Bargmann group interpretation, this orbit is discussed in section 8.3.4

of [1] and corresponds to a massless orbit describing a galilean particle that does not evolve
in time. The orbit is defined instantaneously at a fixed value of the physical time t. In
contrast, the planon case has a non-trivial time evolution.

3.3.7 Orbit #8’ (dipole with momentum)

Let us consider the following representative:

α = M (0, 0,d,p,0, E0, 0) , (3.54)

where ∥d∥2 = d2
0 and d · p = 0, with ∥d × p∥ = d0p0 > 0.

The Lagrangian is given by

L [R (ϕ) ,x,β, φ̃, t] = (Rd) · x ˙̃φ+ (Rd) · β̇ +Rp · ẋ − E0ṫ . (3.55)
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It is convenient to introduce the following variables:

D := Rd π := Rp Q̃ := D · x, (3.56)

The Lagrangian in Hamiltonian form can then be written as

L
[
E, t, Q̃, φ̃,D,β,π,x, N, η1, η2, η3, η4

]
= − Eṫ+ Q̃ ˙̃φ+ D · β̇ + π · ẋ − η1C1 − η2C2

− η3C3 − η4C4 −NC5 , (3.57)

with the following constraints

C1 := Q̃− D · x ≈ 0 (3.58)
C2 := ∥D∥2 − d2

0 ≈ 0 (3.59)
C3 := ∥π∥2 − p2

0 ≈ 0 (3.60)
C4 := D · π ≈ 0 (3.61)
C5 := E − E0 ≈ 0 . (3.62)

Note that the constraints C1 and C4 are of second-class. Indeed, the obey the following
Poisson bracket:

{C1, C4} = −d2
0 ̸= 0 . (3.63)

The preservation in time of these second-class constraints implies that the corresponding
Lagrange multipliers must satisfy

η1 = η4 = 0 . (3.64)

Consequently, the equations of motion become

ṫ = −N Ė = 0 (3.65)
˙̃φ = 0 ˙̃Q = 0 (3.66)

β̇ = 2η2D Ḋ = 0 (3.67)
ẋ = 2η3π π̇ = 0 . (3.68)

An immediate consequence to note is that

D · ẋ = 0 . (3.69)

Therefore, the elementary dipole cannot move in the direction of its dipole moment. It
behaves as a planon.

The second-class constraints C1 = 0 and C4 = 0 can be solved by decomposing π into
its longitudinal and transverse components relative to the dipole moment. Consequently,
one can write

Q̃ = d0x
L πL = 0 , (3.70)
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where xL := D
d0

· x and πL := D
d0

· π. If, in addition, the gauge condition τ = t is imposed,
the Lagrangian can be expressed as

L [φ̃,D,β,π,x, η2, η3] = d0x
L ˙̃φ+ D · β̇ + πT · ẋ − η2

(
∥D∥2 − d2

0

)
− η3

(
∥π∥2 − p2

0

)
.

This orbit was analysed in the context of the Bargmann group in section 8.3.5 of [1] and
corresponds to a massless representation without time evolution.

Let us study in detail the motion in the plane orthogonal to the dipole moment. Denoting
its coordinates by x and y, and assuming that πx, πy ̸= 0, from eq. (3.68) it follows that

ẋ

πx
= ẏ

πy
. (3.71)

Therefore, integrating over time, one obtains the following trajectory:

y = πy

πx
x+ ȳ, (3.72)

where ȳ is a constant. Note that the above equation is gauge invariant, as it does not depend
on η3, and it shows that the particle moves in a straight line within the plane orthogonal
to the dipole moment, which is consistent with the result obtained in section 3.2. On the
other hand, when either πx or πy vanishes, the trajectory is also a straight line, aligned with
the direction of the non-vanishing momentum.

4 Composite dipoles

In this section, we construct a Lagrangian that describes the dynamics of a non-elementary
dipoles4 that naturally couple to fracton traceless gauge field [23], analyse their symmetries
and first quantise them.

First, we derive the Lagrangian for the dipole based solely on the symmetries of the
problem. The action has planon symmetries, but also transversal galilean and longitudinal
carrollian symmetries. We also show how to derive the dynamics of these non-elementary
dipoles by assembling elementary monopoles (excitations of orbit #6) by using an appropriate
interaction potential. These dipoles can be coupled to a fracton traceless gauge field [23] and
we thereby recover the generalised force law of Pretko from a variational symmetry.

We also first quantise the resulting system resulting in a gaussian Schrödinger-like field
theory that was already discussed in the context of the fracton/elasticity duality [24, 25]. We
also show that the free theory has again the mixed Carroll-Galilei symmetries.

4.1 Dynamics of non-elementary dipoles from symmetries

The charge density of a dipole with position z(t) and dipole moment d takes the form

ρ(t,x) = −di ∂

∂xi
δ (x − z(t)) Jij(t,x) = −d(iżj)δ (x − z(t)) . (4.1)

4To avoid confusion let us note that the composite dipoles we discuss are not elementary systems of the
planon group. They are ideal or point electric dipoles which can be thought of as limits of the physical dipoles
where the distance goes to zero and the charge to infinity such that the dipole moment stays finite (see,
e.g., [36]).
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As discussed in section 1 the generators D = d and Z = d · z depend exclusively on the
canonical variables d and z. As a result, the symmetries only act on their corresponding
canonical conjugates σ and π. Using the following canonical Poisson brackets

{zi, πj} = δi
j {di, σj} = δi

j , (4.2)

it can be shown that the transformation laws under quadrupole transformations with pa-
rameter ϵ and dipole transformations with parameter α are given by

δz = 0 δπ = −ϵd (4.3a)
δd = 0 δσ = −ϵz − α . (4.3b)

It is useful to decompose the momentum π = πT + πL into its transverse and longitudinal
components relative to the dipole moment d

πT
i = Pijπ

j πL
i = PL

ijπ
j , (4.4)

where we used the transverse and longitudinal projectors

Pij = δij − d̂id̂j PL
ij = d̂id̂j , (4.5)

with d̂i being the unit vector in the direction of the dipole moment d̂ = d/d, and d is
its magnitude. They are orthogonal PijP

L
jk = 0. In particular, it is evident that only the

longitudinal component of the momentum transforms under (4.3a)

δπT = 0 δπL = −ϵd . (4.6)

Thus, to construct a Lagrangian for a free dipole that remains invariant under planon
symmetry, one may choose a Hamiltonian proportional to (πT )2 = π2 − (d̂ · π)2. This choice
yields the following Lagrangian (in Hamiltonian form)

Ldip [z,π,σ,d] = πiż
i + σiḋ

i − 1
2mPijπ

iπj . (4.7)

The corresponding equations of motion are then given by

żi = 1
m
P ijπj (4.8a)

π̇i = 0 (4.8b)
ḋi = 0 (4.8c)

σ̇i = d̂ · π

md
Pijπ

j . (4.8d)

Note that contracting equation (4.8a) with di yields

d · ż = 0 , (4.9)

which is precisely the condition that ensures the conservation of the trace of the quadrupole
moment, cf. (1.4), and defines the property of being a planon. Let us also emphasise that
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the conservation of the dipole moment, ḋ = 0, is a consequence of the action principle and
not put in by hand. The (im)mobility is particularly transparent when we also decompose
the position of the dipole into transversal and longitudinal components z = zT + zL and
use equations (4.8a) and (4.8b) to obtain

z̈T = 0 żL = 0 . (4.10)

We see that the dipole can move freely transversal to the dipole moment, but the longitudinal
component is fixed (see figure 1).

4.2 Composite dipole from the interaction of two elementary monopoles

In this section, we shall derive the Lagrangian for the composite dipole (4.7) by considering
the interaction of two elementary monopoles described by the orbit #6. The interaction term
is selected to ensure the invariance of the Lagrangian under the diagonal subgroup of the
direct sum of the planon algebras associated with each elementary particle.

Let us consider the Lagrangian for two elementary particles of the orbit #6 with opposite
electric and quadrupole charges. According to (3.26), it can be written as

Ldip = π1 · ẋ1 + π2 · ẋ2 − V . (4.11)

Here, V represents the potential that enables the dipole to exist as a bound state of two
elementary particles.

According to (3.25), the canonical momenta are defined as

π1 = q0
(
x1ϕ̃1 + b1

)
π2 = −q0

(
x2ϕ̃2 + b2

)
. (4.12)

In particular, under dipole transformations with parameters α1,α2 and quadrupole transfor-
mations with parameters ϵ1, ϵ2, the canonical variables transform according to

δx1 = 0 δπ1 = q0 (α1 + ϵ1x1) (4.13a)
δx2 = 0 δπ2 = −q0 (α2 + ϵ2x2) . (4.13b)

It is convenient to re-express the fields in the Lagrangian in terms of the following quantities:

z := 1
2 (x1 + x2) π := π1 + π2 (4.14a)

d := q0 (x1 − x2) σ := 1
2q0

(π1 − π2) . (4.14b)

Here, z denotes the average position of the two elementary particles, which describes the
position of the dipole; π represents the total momentum; and d is the dipole moment of the
system. The variable σ, conjugate to d, corresponds to the momentum difference between
the two elementary particles. A pure dipole corresponds to the limit where the distance
between the elementary particles approaches zero (∥x1 − x2∥ → 0) while their electric charge
tends to infinity (q0 → ∞), such that the product remains constant in this limit.

The Lagrangian can then be rewritten as

Ldip = π · ż + σ · ḋ − V . (4.15)
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Note that under the diagonal subgroup, with parameters ϵ = −1
2 (ϵ1 + ϵ2) for the quadrupole

transformations, and α = −1
2 (α1 + α2) for the dipole transformations, the fields transform

as follow

δz = 0 δπ = −ϵd (4.16a)
δd = 0 δσ = −ϵz − α . (4.16b)

These are precisely the transformations laws for the composite dipole that were derived in (4.3).
The potential must be selected to ensure the invariance under the diagonal planon

subgroup, in particular under the transformations (4.16).5 Thus, it can be defined as

V = 1
2mPijπ

iπj . (4.17)

This term precisely corresponds to that appearing in the Lagrangian of the composite dipole
in (4.7). In terms of the original variables of the elementary excitations, it is expressed
as follows

V = 1
2m

δij −

(
xi

1 − xi
2
) (
xj

1 − xj
2

)
∥x1 − x2∥2

(πi
1 + πi

2

) (
πj

1 + πj
2

)
. (4.18)

It is important to emphasise that the presence of the potential is essential for enabling the
dipole to move. In the absence of this potential, the system would only describe two immobile
decoupled monopoles. The non-trivial dynamics, and in particular the planeon property of
the composite system, is a direct consequence of the presence of this particular potential.

4.3 Symmetries of the composite dipole

The dipole Lagrangian (4.7) has the following symmetries and corresponding Noether charges

δXi = ωijXj J = z × π + d × σ (4.19a)
δzi = ci P = π (4.19b)
δσi = −αi D = d (4.19c)
δπi = −ϵdi , δσi = −ϵzi Z = d · z (4.19d)

δXi = λẊi H = 1
2m(πT )2 , (4.19e)

where ωij = −ωji and Xi denotes all canonical variables. Using the Poisson brackets (4.2)
leads to the expected symmetry algebra (1.5)

{Ji, Jj} = −εijkJk (4.20a)
{Ji, Pj} = εijkPk (4.20b)
{Ji, Dj} = εijkDk (4.20c)
{Pi, Z} = −Di . (4.20d)

5This is analog to, e.g., the gravitational potential between two massive galilean particles, where the
non-interacting particles are independently translation invariant δx1,2 = a1,2, but the potential V (∥x1 − x2∥)
is only invariant under translations by the same parameter δx1,2 = a.
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In particular

{Pi, Dj} = 0 {H,Z} = 0 (4.21)

where the first relation shows that the charge of the dipole is indeed zero and the second that
this system does not make use of the possible central extension (2.5). Let us emphasise that
the rotations and the corresponding conserved angular momentum are of the whole system.

Indeed due to the second term in the Hamiltonian

H = 1
2m

[
π2 − (d̂ · π)2

]
(4.22)

there is a distinguished rotation symmetry (z,π,d) 7→ (Rz, Rπ, Rd) which preserves the
dipole moment Rd̂ = d̂. This symmetry leads to the conserved longitudinal component of the
angular momentum Li = PL

ijJj . Additionally the dipoles also have a galilean boost symmetry
in the transverse direction with a conserved center of mass, where both are explicitly given by

L = zT × πT K = mzT − tπT . (4.23)

Using these symmetries we find that the transverse part leads to a Bargmann-like central
extension of the transversal Galilei algebra

{Li, Pj} = εiklPkjP
T
l (4.24a)

{Li,Kj} = εiklPkjKl (4.24b)
{Ki, Pj} = mPij (4.24c)
{Ki, H} = P T

i . (4.24d)

where the projector Pij takes the role of the usual Kronecker delta. This agrees with the
intuition that the dipole can move like a massive galilean particle in the plane transverse to
the dipole moment. Due to the presence of the projectors this is a Poisson, but no Lie algebra.

In the longitudinal direction there is no rotation symmetry, but

C = mzL σL (4.25)

are conserved. In particular the first quantity can be seen as a carrollian center of mass
leading to a Carroll-like algebra

{Ci, Pj} = mPL
ij (4.26a)

{Ci, H} = 0 (4.26b)
{Di, σ

L
j } = PL

ij . (4.26c)

This agrees with the intuition that the dipole is unable to move in the longitudinal direction.
Let us remark that there is also an action of the rotations Ji on the longitudinal and

transverse charges, but as is geometrically clear they do not leave their respective subspaces
invariant, e.g., {Ji, z

T
j } = εiklPjlzk and {Ji, z

L
j } = εiklP

L
jlzk.
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4.3.1 Reduced action

We can construct a reduced, but inequivalent, action principle by solving the equation of
motion for the dipole moment ḋ = 0, i.e., fixing the dipole moment to a constant value.
This leads to d being a background value which we do not vary. The decomposition into
longitudinal and transversal parts can then be done without using the equations of motion,
i.e., off-shell. We can then integrate out πT to obtain

Ld

[
zT , zL,πL

]
= 1

2m∥żT ∥2 + πL · żL , (4.27)

which leads directly to (4.10). This Lagrangian is the sum of a transverse galilean and a
longitudinal carrollian particle action, thus manifesting the mixed galilean and carrollian
symmetries we discussed in section 4.3.

However, the dipole conservation is not a consequence of the variational principle and
the symmetries (4.19), in particular global rotation symmetries are absent.

4.4 Coupling of the dipole to a traceless fracton gauge field

Let us consider the coupling of the dipole (4.7) to the fracton traceless gauge field (ϕ,Aij)
introduced in [23]. The interaction is described by the following Lagrangian

Lint =
∫
dtd3x

(
ϕρ−AijJ

ij
)
. (4.28)

Here ϕ represents the scalar potential, while Aij is the symmetric and traceless tensor
potential. The charge and current densities of the dipole are given by:

ρ (t,x) = −di∂iδ
3 (x − z (t)) J ij = −d⟨i ż j⟩δ3 (x − z (t)) . (4.29)

In these expressions, the brackets ⟨· · · ⟩ denote the symmetric and traceless part of a rank
two tensor, i.e., X⟨ij⟩ = 1

2 (Xij +Xji) − 1
3δijX

k
k. We consider only the traceless part of J ij

because this is the only part that couples to the traceless Aij .
The total Lagrangian of the system is then given by

L = πiż
i + σiḋ

i − 1
2mPijπ

iπj + di∂iϕ(t, z(t)) +Aij(t, z(t))d⟨i ż j⟩ , (4.30)

which leads to the following equations of motion:

żi = 1
m
P ijπj (4.31a)

π̇i = dj
(
Eij + 1

3δij∂
2ϕ

)
+
(
Fijk + δk[i∂

lAj]l
)
żjdk (4.31b)

ḋi = 0 (4.31c)

σ̇i = d̂ · π

md
Pijπ

j + ∂iϕ+Aij ż
j . (4.31d)

Here,

Eij := ∂i∂jϕ− 1
3δij∂

2ϕ− Ȧij (4.32a)

Fijk := ∂iAjk − ∂jAik − 1
2δik∂

lAjl + 1
2δjk∂

lAil (4.32b)

denote the electric and magnetic fields, respectively, which are gauge-invariant quantities.
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Remarkably, by taking the time derivative of (4.31a) and using (4.31b) and (4.31c),
one obtains

mz̈i = P ijdk
(
Ejk + Fjlkż

l
)
, (4.33)

which corresponds precisely to the Lorentz force found by Pretko [23] (where however it did
not derive from an action principle). Like in the previous reference, one can also introduce
the dualised magnetic field Bij := 1

2εi
pqFpqj ⇔ Fijk = εij

pBpk which, like the electric
field Eij is also gauge-invariant, symmetric and traceless.6 Using this new quantity, the
Lorentz force reads

mz̈i = P ijdk
(
Ejk + εjl

pżlBpk

)
= d (Eeff + ż × Beff)i . (4.34)

where Ei
eff = P ij d̂kEjk and Bi

eff = P ij d̂kBjk. Due to the presence of the projector P ij , the
velocity can be non-vanishing only in the direction transverse to the dipole moment. Indeed,
contracting (4.31a) with di yields żL = 0.

Let us emphasise that the Lagrangian (4.30) and the equations of motion (4.31) are
invariant under the following gauge transformations7

δΛϕ = ∂tΛ δΛAij = ∂i∂jΛ − 1
3δij∂

2Λ δΛπ
i = 1

3d
i∂2Λ δΛσi = ∂iΛ . (4.35)

In particular, by selecting Λ = −1
2ϵzjz

j − αjz
j , one obtains

δΛπ
i = −ϵdi δΛσi = −ϵzi − αi , (4.36)

which are precisely the transformations of π and σ under quadrupole and dipole transforma-
tions. Hence, the global symmetries (4.3) can be regarded as “large gauge transformations.”

4.5 First quantisation of the composite dipole with fracton gauge field

In this subsection, we shall perform the first quantisation of the composite dipole interacting
with an external fracton gauge field. To this end, we shall formulate the Lagrangian (4.30)
in canonical form, making the invariance under arbitrary time reparametrisations explicit.
Following Dirac’s approach, we shall then impose the condition that the wave function
be annihilated by the constraint generating time reparametrisations, with the momenta
substituted by their corresponding quantum operators.

Since the interaction term depends explicitly on the velocity of the dipole, the field πi is
no longer the canonical conjugate to the position. Instead, it is given as

pi := πi + djAij , (4.37)

which still satisfies the canonical Poisson bracket
{
zi, pj

}
= δi

j . This situation is similar to
that of a particle coupled to an external electromagnetic field.

6Our definition for the magnetic field Bhere
ij = εi

pq(∂pAqj − 1
2 δjp∂kAqk) differs slightly from Pretko’s

magnetic field Bthere
ij = εi

pq∂pAqj , which is not symmetric. This has no bearing on the expression of the
Lorentz force however, since the extra terms vanish by virtue of the equations of motion.

7While checking the gauge invariance, the following identity is useful d
dt

Λ(t, z) = ∂tΛ(t, z) + żi∂iΛ(t, z).
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In terms of pi, the Lagrangian (4.30) reads

L = piż
i + σiḋ

i − 1
2mP ij

(
pi − dkAik

) (
pj − dlAil

)
+ di∂iϕ . (4.38)

To express the action in a form that is manifestly invariant under time reparametrisations,
we must treat the time t as a canonical variable and introduce a conjugate momentum pt,
such that {t, pt} = −1. Then, we can write

L = −pt
d

dτ
t+pi

d

dτ
zi+σi

d

dτ
di−N

(
pt + di∂iϕ− 1

2mP ij
(
pi − dkAik

) (
pj − dlAil

))
, (4.39)

where τ denotes the proper time parameter, and N is the Lagrange multiplier that enforces
the constraint

pt + di∂iϕ− 1
2mP ij

(
pi − dkAik

) (
pj − dlAil

)
≈ 0 , (4.40)

which generates arbitrary time reparametrisations.
The wave equation is obtained by requiring that the constraint annihilates the wave

function ψ (t, z,d), where the momenta are replaced by the quantum operators

pt = i
∂

∂t
pi = −i ∂

∂zi
σi = −i ∂

∂di
. (4.41)

Thus, one obtains the following Schrödinger-like wave equation[
i
∂

∂t
+ di∂iϕ− 1

2mP ij
(
i
∂

∂zi
+ dkAik

)(
i
∂

∂zj
+ dlAjl

)]
ψ (t, z,d) = 0 . (4.42)

Note that, since the field σ does not appear explicitly in the constraint (4.40), there are no
derivatives with respect to the dipole moment in the wave equation. Consequently, the dipole
moment d can be treated as a fixed parameter within the wave equation.

The above equation of motion arises from variation of the following Lagrangian density

L[ψ,ψ∗] = iψ∗Dtψ + 1
2mψ∗P ijDiDjψ (4.43a)

= iψ∗∂tψ + 1
2mψ∗P ij∂i∂jψ + diψ∗ψ∂iϕ+ idj

2mP ik (ψ∂kψ
∗ − ψ∗∂kψ)Aij

− 1
2mdkdlP ijAikAjlψ

∗ψ , (4.43b)

where we introduced the covariant derivatives

Dt := ∂t − idi∂iϕ Di := ∂i − iAikd
k , (4.44)

with ∂t := ∂/∂t and ∂i := ∂/∂zi.
This Lagrangian is invariant under gauge transformations of the form

δΛϕ = ∂tΛ δΛAij = ∂i∂jΛ − 1
3δij∂

2Λ δΛψ = idi (∂iΛ)ψ . (4.45)

In particular, the covariant derivatives transform as

δΛ(Dtψ) = idj (∂jΛ)Dtψ δΛ(Diψ) =
[
idj (∂jΛ)Di −

1
3di∂

2Λ
]
ψ . (4.46)
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Additionally, it is invariant under a global U (1) transformation δψ = iαψ, which is associated
with the electric charge.

In the specific case of large gauge transformations of the form Λ = −1
2ϵ ∥z∥2 − α · z,

where ϵ is the parameter of the trace charge and α represents the parameter for dipole
transformations, the wave function transforms as follows:

δψ = −id · (α + ϵz)ψ . (4.47)

The free Schrödinger-like Lagrangian

Lfree = iψ∗∂tψ + 1
2mψ∗P ij∂i∂jψ , (4.48)

is invariant under the global transformations in (4.47).
The dispersion relation associated with the free Lagrangian (4.48) takes the form

ω = 1
2mP ijkikj . (4.49)

Here, ω represents the frequency, and ki denotes the momentum of the excitation. It is
important to note that the components of the momentum k in the direction of the dipole
moment d̂ do not contribute to the energy.

In 2 + 1 dimensions, the Lagrangian density (4.43) was previously derived in [24, 25] (see
also [7, section III.B.3]), in the context of the study of the fracton/elasticity duality. Their
derivation of the Lagrangian followed a different approach from ours, where the effective dipole
dynamics was obtained directly from a field theory, rather than through the quantisation of
the classical particle-like model for a dipole as discussed in section 4.4.

4.6 Symmetries of the free planon field theory

Let us determine the global conserved charges of the Lagrangian (4.48) that describes a
free quantum dipole. The Noether current associated with the global transformations (4.47)
is given by

j0 = d · (α + ϵz)ψ∗ψ ji = − i

2md · (α + ϵz)P ij (ψ∗∂jψ − ψ∂jψ
∗) , (4.50)

where the current satisfies the continuity equation ∂tj
0 + ∂ij

i = 0. As a consequence, the
corresponding conserved charges are given by

Q [α, ϵ] =
∫
d3zj0 = α · D + ϵ Z , (4.51)

where the dipole moment D and the trace charge Z are given by

D = d

∫
d3z ψ∗ψ = d Z =

∫
d3z (d · z)ψ∗ψ . (4.52)

Note that we have applied the standard normalisation condition for the wave function∫
d3z ψ∗ψ = 1.
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A natural question is whether these conserved quantities can be derived from a continuity
equation of the form typically found in fracton theories. Specifically, for a planon symmetry,
one expects an equation of the form

∂tρ+ ∂i∂jJ
ij = 0, (4.53)

where ρ represents the electric charge density, and J ij is a symmetric, traceless tensor
describing the dipole current. The answer is positive for a charge and current density of
the form

ρ = −di∂i (ψ∗ψ) J ij = i

2md(iP j)k (ψ∗∂kψ − ψ∂kψ
∗) . (4.54)

Note that this expression for the charge density resembles that of a classical dipole, except
that the δ-function specifying the position of the classical dipole is replaced by the probability
density of the quantum dipole. In particular, the total electric charge vanishes

Q =
∫
d3z ρ = −

∫
d3z ∂j

(
djψ∗ψ

)
= 0 , (4.55)

which is consistent with the fact that a dipole is electrically neutral.
Additionally, this quantum system retains the mixed Carroll-Galilei boosts present in its

classical counterpart discussed in section 4.3. However, a key difference arises: the commutator
between a longitudinal Carroll boost and a transverse galilean boost no longer vanishes.

Under infinitesimal transverse Galilei boosts of the form δxi = −P ijvjt the wave function
transforms according to

δψ = P ijvi (t∂jψ − imzjψ) , (4.56)

where the second term corresponds to a change in the phase. Applying Noether’s theorem, the
transformation above yields the following conserved quantity associated with galilean boosts

Ki =
∫
d3z iP ij (tψ∗∂jψ − imzjψ

∗ψ) . (4.57)

Under infinitesimal longitudinal Carroll boosts of the form δt = −P ij
L vizj , the wave

function transforms according to

δψ = P ij
L vizjψ̇ . (4.58)

Therefore, the Noether charge corresponding to longitudinal Carroll boosts is given by

Ci =
∫
d3z

1
2mP ij

L P
klzj (∂kψ

∗) (∂lψ) . (4.59)

Using the Poisson bracket {ψ (z) , ψ∗ (z′)} = 1
i δ (z − z′), one finds

{Ki, Cj} = Xij , (4.60)

where
Xij := −iP ilP jm

L

∫
d3z zmψ

∗∂lψ, (4.61)

defines a new conserved quantity.
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On the other hand, the generators associated with spacetime translations take the
expected form

H = −
∫
d3z

1
2mP ijψ∗∂i∂jψ Pi = −

∫
d3z iψ∗∂iψ . (4.62)

The case of spatial rotations differs from the particle case studied in section 4.3, as the
dipole moment di is now fixed. In other words, it is treated as a background field that is not
varied in the action, whereas in the particle case it corresponds to a canonical variable. As a
result, its presence breaks the full rotational symmetry down to the subgroup that leaves
the dipole direction invariant, i.e., those satisfying Rd̂ = d̂. Consequently, the generator
of rotations around d̂ is given by

Li = −iP il
L εljk

∫
d3z zjψ∗∂kψ . (4.63)

To restore rotational symmetry around all axes, it is necessary to allow for the rotation
of the entire system, including the dipole moment. One possibility is to consider d as
an additional variable over which we integrate the Lagrangian (4.43), i.e., the action is∫
L[ψ,ψ∗]dtd3zd3d. Indeed, according to the quantisation conditions (4.41) and (4.42) the

wavefunction should depend on all of these coordinates. In this extended configuration space
the dipole moment will transform under rotations and rotational symmetry is restored. This
is reminiscent of systems with spin, where we sum over all spins, but for the dipoles it is
an integral rather than a sum. It is an interesting perspective to consider on this extended
space, but henceforth we will again work with fixed d.

Similar to the standard Schrödinger equation, this model also possesses a dilatation
symmetry

δψ = λ1

(
2t∂tψ + zk∂kψ + 3

2ψ
)
, (4.64)

whose charge is given by

∆1 =
∫
d3z

(
− t

m
P ijψ∗∂i∂jψ + izkψ

∗∂kψ + 3i
2 ψ

∗ψ

)
. (4.65)

Interestingly, this system also possesses a second type of dilatation symmetry

δψ = λ2
(
2t∂tψ + P klzk∂lψ + ψ

)
, (4.66)

with a conserved charge given by

∆2 =
∫
d3z

[
− t

m
P ijψ∗∂i∂jψ + iP klzkψ

∗∂lψ + iψ∗ψ

]
. (4.67)

This does not constitute a complete analysis of all possible symmetries of the La-
grangian (4.48). However, the preceding results already illustrate the richness of this class of
models. Once the system is coupled to a gauge field, most of these symmetries are broken.
In particular, transverse galilean and longitudinal Carroll boosts no longer define symmetries
of the fractonic gauge field theory, due to its inherently aristotelian structure.
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5 Quantum planon particles

The next stage in the study of the planon group is the construction of its unitary irreducible
(projective) representations, which we may identify with the elementary quantum particles of
the planon group. These are again honest unitary irreducible representations of the centrally
extended planon group. As we saw in section 2, this group is a semidirect product G = B⋉A,
with B the Bargmann group and A the two-dimensional abelian group with Lie algebra
a = ⟨H,W ⟩. In principle, we may apply the method of Mackey to classify its UIRs, as was
used for fractons in [26], for instance, provided that the semidirect product is regular (see,
e.g., [37, Ch. 17.1]). This is proved in appendix C.

Since A is abelian, its unitary irreducible representations are one-dimensional and the
unitary dual Â ∼= R2, associating with (E, c) ∈ R2 the character χ : A → U(1) defined by
χ(exp(tH + wW )) = ei(Et+cw). The action of B on A induces an action on Â. Only the
generator Z acts nontrivially and we see that

exp(φ̃Z) · (E, c) = (E + cφ̃, c), (5.1)

following on from the coadjoint action ad∗
Z H = −W . The unitary dual Â decomposes under

the action of B into the following orbits:

• point-like orbits {(E, 0)} for every E ∈ R;

• and one-dimensional orbits R × {c} for every c ̸= 0.

The point-like orbits are stabilised by the full Bargmann group B, whereas a point (E, c),
with c ̸= 0, in a one-dimensional orbit is stabilised by the subgroup whose Lie algebra is
the span of Lab, Pa, Da, Q and is isomorphic to the Carroll algebra. The action of G on
the one-dimensional orbits is by translations, and therefore the standard Lebesgue measure
on the real line is invariant.

We therefore simply induce UIRs of G from characters χ ∈ Â and a UIR of its stabiliser
subgroup Gχ. We must distinguish between the two kinds of characters.

5.1 UIRs for characters in point-like orbits

For χ a character in a point-like orbit, Gχ = B and hence the corresponding UIRs of G are
in bijective correspondence with the UIRs of the Bargmann group, which can be read off
from [1, table 6] (for n = 3, which we tacitly assume), after translating the notation from
Bargmann to planon language. There are five classes of such UIRs, which we now summarise.
We use the notation g := g(φ, φ̃,β,a, R, s, w) = b(φ, φ̃,β,a, R) exp(sH + wW ).

5.1.1 I(ℓ, q̃, E)

These are finite-dimensional UIRs with Hilbert space H = Vℓ, the complex spin-ℓ UIR of
Spin(3). We let ρℓ denote the representation map ρℓ : Spin(3) → GL(Vℓ). The representation
U : G → U(H) is given by

U(g)ψ = eisEeiq̃φ̃ρℓ(R)ψ. (5.2)
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5.1.2 II(ℓ, q, q̃, E)

Here the Hilbert space is H = L2(R3, Vℓ) relative to the inner product

(ψ1, ψ2) =
∫
R3
dµ(d) ⟨ψ1(d), ψ2(d)⟩Vℓ

, (5.3)

with dµ(d) the standard euclidean measure on R3. The representation U : G → U(H)
is given by

(U(g)ψ) (d) = eisEeiqφeiq̃φ̃eiβ·dρℓ(R)ψ(R−1(d + qa)). (5.4)

5.1.3 III(n, p, q̃, E)

Here the Hilbert space is H = L2(S2,O(−n)), which we think of as complex-valued smooth
(i.e., not necessarily holomorphic) functions ψ(z) of a stereographic coordinate z for S2, which
are square-integrable relative to the inner product

(ψ1, ψ2) =
∫
C

2idz ∧ dz̄
(1 + |z|2)2ψ1(z)ψ2(z). (5.5)

The representation U : G → U(H) is given by

(U(g)ψ) (z) = eisEeiq̃φ̃eia·π(z)
(
η + ξ̄z

|η + ξ̄z|

)−n

ψ

(
η̄z − ξ

η + ξ̄z

)
, (5.6)

where
R =

(
η ξ

−ξ̄ η̄

)
(5.7)

and
π(z) = p

1 + |z|2
(
2 Re(z), 2 Im(z), |z|2 − 1

)
. (5.8)

5.1.4 IV(n, d, E)

Here the Hilbert space is H = L2(R × S2,O(−n)), where the complex line bundle O(−n)
on S2 has been pulled back to R × S2 via the cartesian projection R × S2 → S2. As in the
previous case we think of these as complex-valued smooth functions ψ(u, z), where z is a
stereographic coordinate for S2, which are square-integrable relative to the inner product

(ψ1, ψ2) =
∫
R×C

2idu ∧ dz ∧ dz̄
(1 + |z|2)2 ψ1(u, z)ψ2(u, z). (5.9)

The representation U : G → U(H) is given by

(U(g)ψ) (u, z) = eisEe−iuφ̃e−iβ·δ(z)
(
η + ξ̄z

|η + ξ̄z|

)−n

ψ

(
u− a · δ(z), η̄z − ξ

η + ξ̄z

)
, (5.10)

where R is as in equation (5.7) and

δ(z) = d

1 + |z|2
(
2 Re(z), 2 Im(z), |z|2 − 1

)
. (5.11)
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5.1.5 V±(d, p⊥, E)

Here the Hilbert space is H = Π±L
2(R × S3,C), where the projectors Π± are given by

(Π±ψ) (u, S) = 1
2 (ψ(u, S) ± ψ(u,−S)) (5.12)

where S 7→ −S sends a point on S3 to its antipodal point or, equivalently, if we identify
S3 with SU(2), then this is just multiplying the matrix S by −1. These functions are
square-integrable relative to the inner product

(ψ1, ψ2) =
∫
R×S3

du ∧ dµ(S)ψ1(u, S)ψ2(u, S), (5.13)

with dµ(S) a bi-invariant volume form on SU(2). The representation U : G→ U(H) is given by

(U(g)ψ) (u, S) = eisEeia·Speiβ·Sdei(φ̃+u)a·Sdψ(u+ φ̃, R−1S), (5.14)

where the action of S ∈ SU(2) on vectors is via the covering homomorphism SU(2) → SO(3).

5.2 UIRs for characters in one-dimensional orbits

For χ a character in a one-dimensional orbit, we obtain UIRs as square-integrable functions
from the real line (the one-dimensional orbit of χ) with values in a UIR of the Carroll group,
which for n = 3 can be read off from [26, table 5]. Such characters are determined by a
nonzero c ∈ R and we can choose as an orbit representative the character χ corresponding
to (0, c); that is,

χ(exp(sH + wW )) = eicw. (5.15)

We must choose σ : R → G such that σ(E) · (0, c) = (E, c) and we take σ(E) = exp(E
c Z),

which is well-defined since c ≠ 0. The generic group element can be written as

g := g(φ, φ̃,β,a, R, s, w) = eφ̃Zc(φ,β,a, R) exp(sH + wW ), (5.16)

where c(φ,β,a, R) = eφQeβ·Dea·PR is a general element of the Carroll subgroup stabilising
χ. Let Gχ = C ⋉A denote the stabiliser subgroup of χ, where C is the Carroll subgroup and
A the abelian subgroup generated by H,W . Let H be a Carroll UIR twisted by the UIR of A
defined by the character χ and let F : G→ H be a Gχ-equivariant (Mackey) function; that is,

F (gh) = h−1 · F (g) ∀g ∈ G, h ∈ Gχ. (5.17)

We define the corresponding section ψ of the (trivial) vector bundle R ×H over the real line
by ψ(E) = F (σ(E)), which transforms under g ∈ G as

(g · ψ)(E) = F (g−1σ(E)). (5.18)

A calculation shows that

g−1σ(E) = σ(E−cφ̃)c
(

a ·β−φ− 1
2

(
E

c
− φ̃

)
∥a∥2,−R−1(β−

(
E

c
− φ̃

)
a),−R−1a,R−1

)
×e−sHe−(w+t( E

c
−φ̃))W .

(5.19)
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Inserting this into F and using the Gχ-equivariance, we arrive at

(g ·ψ)(E) = ei(cw+s(E−cφ̃))U

(
c
(
φ− 1

2

(
E

c
− φ̃

)
∥a∥2,β −

(
E

c
− φ̃

)
a,a, R

))
·ψ(E− cφ̃),

(5.20)
which is unitary relative to the inner product

(ψ1, ψ2) =
∫
R
dE ⟨ψ1(E), ψ2(E)⟩H , (5.21)

where ⟨−,−⟩H is the inner product on the UIR H. It is now a simple matter to go through
the Carroll UIRs in [26, section3.4] and translate the explicit representations of the Carroll
group to the planon language. As was the case already with the Carroll and Bargmann
groups, some of the induced representations of G thus constructed appear at face value to be
carried by sections of infinite-rank Hilbert bundles over the character orbits. But in the same
way that it was possible in the Carroll and Bargmann cases to view such representations
as carried by sections of finite-rank vector bundles over an auxiliary space fibering over the
character orbit, we can do the same here.

5.2.1 VI(ℓ, c)

These are induced from the finite-dimensional representations of the Carroll group in which
the rotations act on the complex spin-ℓ representation Vℓ and the other generators act trivially.
Hence H = L2(R, Vℓ) relative to the inner product

(ψ1, ψ2) =
∫
R
dE ⟨ψ1(E), ψ2(E)⟩Vℓ

(5.22)

and the generic element g := g(φ, φ̃,β,a, R, s, w) ∈ G acts on H as

(U(g)ψ)(E) = ei(cw+s(E−cφ̃))ρℓ(R)ψ(E − cφ̃). (5.23)

5.2.2 VII(ℓ, q, c)

The inducing representation is carried by L2(R3, Vℓ) relative to the inner product

(ψ1, ψ2) =
∫
R3
dµ(d) ⟨ψ1(d), ψ2(d)⟩Vℓ

, (5.24)

with dµ(d) the standard euclidean volume form on R3. This means that the induced
representation can be reformulated as carried by H = L2(R4, Vℓ) relative to the inner product

(ψ1, ψ2) =
∫
R4
dE ∧ dµ(d) ⟨ψ1(E,d), ψ2(E,d)⟩Vℓ

, (5.25)

with the generic group element g ∈ G acting on H via

(U(g)ψ)(E,d) = ei(cw+s(E−cφ̃)+q(φ− 1
2c

(E−cφ̃)∥a∥2)+(β− 1
c

(E−cφ̃)a)·d)

× ρℓ(R)ψ(E − cφ̃, R−1(d + qa)).
(5.26)

– 36 –



J
H
E
P
1
1
(
2
0
2
5
)
0
3
0

5.2.3 VIII(n, d, c)

The inducing representation is carried by L2(S2,O(−n)) which we describe as in section 5.1.4
in terms of smooth functions of a stereographic coordinate z. We may reformulate this
UIR as carried by L2(R × S2,O(−n)), where O(−n) has been pulled-back to R × S2 via the
cartesian projection, relative to the inner product

(ψ1, ψ2) =
∫
R×C

dE ∧ 2idz ∧ dz̄
(1 + |z|2)2 ψ1(E, z)ψ2(E, z) (5.27)

and the action of the generic element g ∈ G is given by

(U(g)ψ)(E, z) = ei(cw+s(E−cφ̃))ei(β− 1
c

(E−cφ̃)a)·δ(z)

×
(
η + ξ̄z

|η + ξ̄z|

)−n

ψ

(
E − cφ̃,

η̄z − ξ

η + ξ̄z

)
,

(5.28)

with R as in equation (5.7) and δ(z) as in equation (5.11).

5.2.4 IX(n, p, c)

This is very similar to the above case, with the inducing UIRs related by a Carroll automor-
phism. We reformulate the UIR again as carried by L2(R × S2,O(−n)), relative to the inner
product in equation (5.27) and now the action of the generic element g ∈ G is given by

(U(g)ψ)(E, z) = ei(cw+s(E−cφ̃))eia·π(z)
(
η + ξ̄z

|η + ξ̄z|

)−n

ψ

(
E − cφ̃,

η̄z − ξ

η + ξ̄z

)
, (5.29)

with R as in equation (5.7) and π(z) as in equation (5.8).

5.2.5 X±(n, d, p, c)

This representation is carried by the same Hilbert space as in the previous two cases: namely,
L2(R × S2,O(−n)) relative to the usual inner product given by equation (5.27). In these
UIRs, the vectors p and d are either parallel (corresponding to the + sign) or anti-parallel
(corresponding to the − sign). The action of the generic g ∈ G is given by

(U(g)ψ)(E, z) = ei(cw+s(E−cφ̃))ei(β− 1
c

(E−cφ̃)a)·δ(z)±a·π(z))

×
(
η + ξ̄z

|η + ξ̄z|

)−n

ψ

(
E − cφ̃,

η̄z − ξ

η + ξ̄z

)
,

(5.30)

where R as in equation (5.7), π(z) as in equation (5.8) and δ(z) as in equation (5.11).

5.2.6 XI±(d, p, θ, c)

Finally, we have the representation for which d = (0, 0, d) and p = p(sin θ, 0, cos θ). This
is carried by L2

±(R × S3,C), where L2
±(R × S3,C) ⊂ L2(R × S3,C) is the closed subspace

consisting of square-integrable functions ψ such that ψ(E,−S) = ±ψ(E,S), where E ∈ R
and S ∈ S3, but thought of as a matrix in SU(2). The inner product is given by

(ψ1, ψ2) =
∫
R×S3

dE ∧ dµ(S)ψ1(E,S)ψ2(E,S), (5.31)
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UIR Label Orbit
I(0, q̃, E) 0(q̃, E)
I(ℓ, q̃, E) 2(ℓ, q̃, E)
II(0, q, q̃, E) 6(q, q̃, E)
II(ℓ, q, q̃, E) 8(ℓ, q, q̃, E)
III(n, p, q̃, E) 4(h = n, p, q̃, E)
IV(n, d,E) 6′(h = n, d,E)
V±(d, p⊥, E) 8′(d, p⊥, E)

VI(0, c) 2′(c)
VI(ℓ, c) 4′(ℓ, c)
VII(0, q, c) 8′′′(q, c)
VII(ℓ, q, c) 10(ℓ, q, c)
VIII(n, d, c) 6′′′0 (h = n, d, c)
IX(n, p, c) 6′′(h = n, p, c)
X±(n, d, p, c) 6′′′±(h = n, d, p, c)
XI±(d, p, θ, c) 8′′(d, p, θ, c)

Table 3. Coadjoint orbits and UIRs of the centrally extended planon group G. The table lists for
every UIR of the extended planon group G = B⋉A the coadjoint orbit from which it can be obtained
by geometric quantisation. The horizontal line separates those UIRs which are essentially UIRs of
Bargmann (above the line) from the rest. The orbits of type 8′′′ and 10 have q = c, but that was a
choice. It is in fact the ratio λ = q/c which was set to 1 via a rescaling of generators. To make more
transparent contact with the UIRs we should keep the ratio arbitrary (but nonzero). The parameters
ℓ and c, when they appear are assumed to be nonzero and 2ℓ is a non-negative integer. The parameter
n is an integer. The two UIRs V±(d, p⊥, E) and XI±(d, p, θ, c) have signs which are not apparent in
the corresponding coadjoint orbits. This is due to the fact that the coadjoint orbits have stabilisers
with two connected components and hence they admit two inequivalent quantisations.

where dµ(S) is a bi-invariant volume form on SU(2) or, equivalently, the volume form
corresponding to a round metric on S3. The action of the generic element g ∈ G is given by

(U(g)ψ)(E,S) = ei(cw+s(E−cφ̃))ei((β− 1
c

(E−cφ̃)a)·Sd+a·Sp)ψ(E − cφ̃, R−1S). (5.32)

5.3 Summary

It follows from the fact that the extended planon group G = B ⋉A is a regular semi-direct
product (see appendix C) that all UIRs are obtained via the Mackey method and, since A is
abelian, Rawnsley’s theorem [27] says that they can all be constructed by quantising coadjoint
orbits. As usual there are a couple of caveats: not every coadjoint orbit is quantisable (e.g.,
there are coadjoint orbits whose angular momentum/helicity is not quantised) and a given
coadjoint orbit can have inequivalent quantisations (this happens, in particular, when the
stabiliser of the orbit is not connected). Short of actually quantising the coadjoint orbits, any
correspondence between UIRs and coadjoint orbits remains conjectural and table 3 illustrates
our attempt at such a correspondence.
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6 Discussion

In this work, we have analysed both elementary and composite systems exhibiting planon
symmetry. We provided a classification of classical and quantum elementary particles by
characterising the coadjoint orbits and unitary irreducible representations of the (extended)
planon group. Planon symmetries are closely related to Bargmann symmetries [16], but their
elementary systems are mapped into each other in quite a nontrivial way. For example the
monopole, that is stuck to a point, corresponds to the massive galilean particle, which moves
along straight lines, while the unrestricted dipoles correspond to massless galilean particles.
In this sense, we provide a physically interesting setup for these often ignored galilean orbits.

We also present an action for composite dipole particles that naturally couples to Pretko’s
traceless scalar charge theory, see (4.30). Remarkably, both the free particle and its first-
quantised theory exhibit a mixed Carroll-Galilei symmetry, which is fully consistent with
their allowed (im)mobility (see figure 1).

Finally, we classify the planon elementary quantum systems, i.e., the unitary irreducible
representations of the extended planon group and set up a correspondence between the
UIRs and the coadjoint orbits.

There are various interesting avenues for further exploration:

Other multipole symmetries and particles. The tools we have developed here and
in [21, 22, 26] can be generalised to other multipole symmetries [16] and their associated
particles. A possible next step is to analyse lineons and vector charge theories [23] (see
also [38–42]).

Central extension. In section 2.1 we showed that the planon group admits a nontrivial
central extension. In the context of this work, this leads to energy that is unbounded
from below. However, it is possible that alternative interpretations could give rise to
interesting new physics.8

Elementary versus composite. We discussed two types of particles: elementary particles
of the planon group and composite dipoles constructed from elementary monopoles.
While the composite dipoles naturally couple to the traceless scalar charge gauge theory,
it remains an open question whether the elementary dipoles in (3.1) also couple to a
gauge theory.

A related question is whether the composite dipoles can be regarded as elementary
systems of other symmetries, maybe such as those discussed in section 4.

Soft theorems and the infrared triangle. The scalar tensor gauge theory [22, 44] ex-
hibits an intricate interplay between memory effects, soft theorems, and asymptotic
symmetries, collectively forming an infrared triangle [45].

Following [22], one could leverage the coupling between particles and the gauge
field, (4.30), along with the field theory framework (4.43), to compute memory ef-
fects and soft theorems. Notably, the study of these phenomena in 2 + 1 dimensions

8There are even simpler systems, such as aristotelian spacetimes with one scalar charge [43], for which it
would be interesting to find a physical realization.
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b⃗

shear stress

slip plane

Figure 2. The glide motion of a dislocation (red circle) is parallel to the Burgers vector b⃗.

appears particularly promising due to potential applications in elasticity and vortex
dynamics (see also [46]).

Carroll in crystals. Motivated by the relation between fractons and elasticity, let us provide
a simple example of how Carroll and Carroll-Galilei symmetries emerge in the context
of defects in crystals.

Consider a point defect in a lattice, which we can envision by just removing one atom.
At zero temperature this defect is stuck to a point, which is described by the action (1.7)
and which has Carroll symmetry. At higher temperatures one would need to introduce
a potential that governs the now statistically allowed movement.

Let us now restrict to two spatial dimensions and consider the movement of a vacancy
under a strain, as depicted in figure 2.

The movement of the vacancy is restricted to be parallel to the Burgers vector. Once
we identify the Burgers vector with the dipole vector via bi = ϵijdi the movement of the
vacancy follows (1.8), i.e., is restricted to be orthogonal to the dipole moment. We have
restricted to low temperature and (infinite) planar glide motion. For more information
see, e.g., [47].

In this sense defects in crystals provide the possibly simplest physically realised model
with Carroll(–Galilei) symmetry. There could be a further interesting connections
between nonlorentzian geometry and condensed matter physics that await exploration.
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Planon Bargmann ⊕ R

Lab: spatial rotations Lab: spatial rotations
Pa: spatial translations Ba: galilean boosts
Da: dipole moment Pa: spatial translations
Z: trace quadrupole moment H: time translation
Q: electric charge M : mass
H: time translation R

Table 4. Correspondence between planon and Bargmann algebra generators.
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A Summary of [1] in planon language

In this appendix we summarise the results of [1] on the Bargmann group in the planon
language. This is mostly an exercise in translating notation, but we think it would be useful
to record the translation here.

The basic dictionary is the one relating the bases of the Lie algebras, which as men-
tioned already translates the Bargmann basis ⟨Lab, Ba, Pa, H,M⟩ to ⟨Lab, Pa, Da, Z,Q⟩ and
is summarised in table 4. The Bargmann canonical dual basis

〈
λab, βa, πa, η, µ

〉
translates

to
〈
λab, πa, δa, ζ, θ

〉
and hence the Bargmann moment9

1
2Jabλ

ab + kaβ
a − paπ

a + Eη +mµ (A.1)

translates to

1
2Jabλ

ab + paπ
a − daδ

a + q̃ζ + qθ. (A.2)

The Bargmann group parameters (a+, a−,a,v, R) in [1] now become (φ, φ̃,β,a, R) and
the Bargmann moments (m,E,p,k, J) in [1] now become (q, q̃,d,a, R).

The generic Bargmann group element in [1] is therefore now b(φ, φ̃,β,a, R). Its coadjoint
action on the moment M(J, q̃, q,p,d) is then given by

Ad∗
b(φ,φ̃,β,a,R) M(q, q̃,d,p, J) = M(q′, q̃′,d′,p′, J ′), (A.3)

9In [1] we chose the sign in front of paπa in order that under the boost with parameter v, the momentum
p would change by p + mv. We have decided to keep the minus sign in the planon case for no other reason
than to simplify the translation.
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# Orbit representative Stabiliser dimOα Equations for orbits
α = M(q, q̃,d,p, j) Bα

1 M(q0, q̃0,0,0,0) {b(φ, φ̃,0,0, R)} 6 q = q0 ̸= 0, 1
2q (∥d∥2 − 2qq̃) = q̃0, qj = d × p

2 M(q0, q̃0,0,0, ℓe3) {b(φ, φ̃,0,0, R) | Re3 = e3} 8 q = q0 ̸= 0, 1
2q (∥d∥2 − 2qq̃) = q̃0, ∥qj − d × p∥ = ℓ > 0

3 M(0, q̃0,0,0,0) B 0 q = 0, q̃ = q̃0,d = p = j = 0
4 M(0, q̃0,0,0, ℓe3) {b(φ, φ̃,β,a, R) | Re3 = e3} 2 q = 0, q̃ = q̃0,d = p = 0, ∥j∥ = ℓ > 0
5 M(0, q̃0,0, pe3, he3) {b(φ, φ̃,β, ae3, R) | Re3 = e3} 4 q = 0, q̃ = q̃0,d = 0, ∥p∥ = p > 0, j · p = hp

6 M(0, 0, de3,0,0) {b(φ, 0, βe3,a, R) | Re3 = e3,a · e3 = 0} 6 q = 0, ∥d∥ = d > 0,d × p = 0
7 M(0, 0, de3, pe2,0) {b(φ, 0, βe3, ae2, I)} 8 q = 0, ∥d∥ = d > 0, ∥d × p∥ = dp > 0

Table 5. Coadjoint orbits of the Bargmann group B in planon language. This table lists the
different coadjoint orbits of the Bargmann group in planon language. In each case we exhibit an orbit
representative α ∈ b∗, its stabiliser subgroup Bα inside the Bargmann group, the dimension dimOα

of the orbit and the equations defining the orbit.

where

J ′ = RJRT + β(Rd + qa)T − (Rd + qa)βT + (Rp)aT − a(Rp)T

p′ = Rp + qβ + φ̃(Rd + qa)
d′ = Rd + qa

q̃′ = q̃ +Rd · a + 1
2q∥d∥2

q′ = q.

(A.4)

In the particular case of the spatial dimension n = 3, the moment M(q, q̃,d,p, j) trans-
forms into

j′ = Rj − β × (Rd + qa) + a ×Rp

p′ = Rp + qβ + φ̃(Rd + qa)
d′ = Rd + qa

q̃′ = q̃ +Rd · a + 1
2q∥d∥2

q′ = q.

(A.5)

Table 1 in [1] translates into table 5.
The pull-back to the space of parameters of the Maurer-Cartan one-form on the Bargmann

group (equation (4.1) in [1]) is now given by

b−1db = A(dφ− aTdβ − 1
2∥a∥2dφ̃, dφ̃, RT (dβ + adφ̃), RTda, RTdR) (A.6)

where b = b(φ, φ̃,β,a, R), and its contraction with the moment M(q, q̃,d,p, J) (equation (4.2)
in [1]) is now given by

〈
M(q, q̃,d,p, J), b−1db

〉
= qdφ−

(
q̃ + 1

2q∥a∥2 + (Rβ)T a

)
dφ̃

− (Rd + qa)Tdβ + (Rp)Tda + 1
2 Tr JTRTdR.

(A.7)
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In the special case of n = 3 dimensions, and using the isomorphism ε : R3 → so(3) defined
by ε(a)b = a × b, which allows us to write J = ε(j), we have that

〈
M(q, q̃,d,p, j), b−1db

〉
= qdφ−

(
q̃ + 1

2q∥a∥2 +Rβ · a

)
dφ̃

− (Rd + qa) · dβ + (Rp) · da + j · ε−1(R−1dR),
(A.8)

which is simply the translation of equation (5.2) in [1].

B Central extensions

In this appendix we collect a result necessary in section 2.3 for the classification of coadjoint
orbits of the centrally extended planon group.

Let g be a finite-dimensional (for definiteness) real Lie algebra and let H2(g) denote the
second Chevalley-Eilenberg cohomology with values in the trivial representation. This is a
finite-dimensional real vector space with basis [ωi], for i = 1, . . . , dimH2(g), where [ωi] is the
cohomology class of the 2-cocycle ωi ∈ ∧2g∗. This allows us to define a central extension

0 H2(g) ĝ g 0, (B.1)

whose brackets are given explicitly by

[X,Y ]̂g = [X,Y ]g +
dim H2(g)∑

i=1
ωi(X,Y )Zi and [Zi,−]̂g = 0, (B.2)

for all X,Y ∈ g. (We identify g with a subspace of ĝ, so in effect ĝ = g ⊕
⊕

i RZi, where
the above brackets live.)

Now consider a one-dimensional central extension g̃:

0 RZ g̃ g 0, (B.3)

with brackets

[X,Y ]̃g = [X,Y ]g + ω(X,Y )Z and [Z,−]̃g = 0, (B.4)

for all X,Y ∈ g and where ω ∈ ∧2g∗ is the corresponding 2-cocycle. In cohomology,
[ω] = ∑

i ci[ωi], since the [ωi] span H2(g). We can therefore choose ω, perhaps by modifying
it by a coboundary, so that ω = ∑

ciωi as cocycles.
The claim is that there exists a Lie algebra surjective homomorphism φ : ĝ → g̃ which

is the identity on g; explicitly:

φ(X) = X and φ(Zi) = ciZ. (B.5)
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It follows that

[φ(X), φ(Y )]̃g = [X,Y ]̃g
= [X,Y ]g + ω(X,Y )Z
= [X,Y ]g +

∑
i

ciωi(X,Y )Z

= φ

(
[X,Y ]g +

∑
i

ωi(X,Y )Zi

)
= φ

(
[X,Y ]̂g

)
,

and hence, since Zi and Z are central in their respective Lie algebras, that φ is a Lie algebra
homomorphism, which is moreover manifestly surjective. The kernel of φ consists of those∑

i aiZi such that ∑i aici = 0 and hence spans a hyperplane in H2(g). Conversely, every
hyperplane in H2(g) defines a one-dimensional central extension of g.

C The extended planon group is a regular semidirect product

The method of Mackey for constructing UIRs of a semidirect product B ⋉A, for A abelian
(or more generally A nilpotent) is guaranteed to produce all UIRs whenever the semidirect
product is regular. Let G = B ⋉ A be a semidirect product and let Â denote the unitary
dual: the space of UIRs of A. Then the semidirect product G = B ⋉A is said to be regular
if there exist a countable family {Bi} of G-invariant Borel subsets Bi ⊂ Â, so that every
G-orbit O ⊂ Â is the intersection ⋂i Bni of some subfamily of the {Bi}.

In this appendix we verify that the description of the centrally extended planon group G

as a semidirect product B⋉A, with B the Bargmann group and A a two-dimensional abelian
group, is regular. Since A is abelian, Â can be identified with the dual of the Lie algebra
a of A, since to every α ∈ a∗ we may associate the unitary one-dimensional representation
with character χ(exp(X)) = eiα(X), for X ∈ A.

In the case of interest, G is the centrally extended planon group, B is the Bargmann group
and A the two-dimensional abelian group with Lie algebra spanned by H,W . The unitary
dual Â is the dual of the Lie algebra and this is a copy of the plane with coordinates (E, c).
As we saw in section 5, the action of the planon group on Â, sends (E, c) 7→ (E + cφ̃, c) and
hence there are two classes of orbits: point-like orbits O(E,0) = {(E, 0)} and one-dimensional
orbits O(0,c) = R × {c} for every c ̸= 0.

Consider the following countable family of Borel subsets of the plane:

BE(r, s) :=
⋃

r<E<s

O(E,0) and Bc(r, s) :=
⋃

r<c<s

O(0,c), (C.1)

where r, s ∈ Q are rational numbers. The subset BE(r, s) consists of those points (E, 0)
with r < E < s and hence it is an open interval in the c = 0 axis. The subset Bc(r, s)
consists of those points (E, c) with r < c < s and E arbitrary and hence it is an open
(infinite) vertical strip.

It is clear that O(E,0) lies in every BE(r, s) and hence it lies in their intersection⋂
r<E<s BE(r, s). Furthermore, if E−E′ ̸= 0, there will be rational numbers r, s with r < E <
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s such that E′ ̸∈ (r, s) and hence O(E′,0) ̸⊂
⋂

r<E<s BE(r, s). Therefore, ⋂r<E<s BE(r, s) =
O(E,0).

The argument for O(0,c) is identical. The orbit O(0,c) belongs to every Bc(r, s) and hence
it also belongs to the intersection ⋂r<E<s Bc(r, s). Moreover if c′ ̸= c, there will be some
rational numbers r, s with r < c < s such that c′ ̸∈ (r, s) and hence O(0,c′) ̸⊂

⋂
r<E<s Bc(r, s).

Therefore ⋂r<c<s Bc(r, s) = O(0,c).
In summary, every orbit lies in the intersection of a subfamily of the countable family

{BE(r, s) | r < E < s with r, s ∈ Q} ∪ {Bc(r, s) | r < c < s with r, s ∈ Q} (C.2)

of Borel sets of a∗, and hence the semidirect product B ⋉ A is regular.
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