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In theories with conserved dipole moment, isolated charged particles (fractons) are immobile, but
dipoles can move. We couple these dipoles to the fracton gauge theory and analyze the universal infrared
structure. This uncovers an observable double kick memory effect which we relate to a novel dipole soft
theorem. Together with their asymptotic symmetries this constitutes the first realization of an infrared
triangle beyond Lorentz symmetry. This demonstrates the robustness of these IR structures and paves the
way for their investigation in condensed matter systems and beyond.
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Introduction.—Fractons [1,2] are novel quasiparticles
whose characteristic feature is their limited mobility. This
restricted mobility originates from their built-in dipole
symmetry which leads to conserved dipole moments
d" = [x'pd®x. Fracton theories attract attention not only
for their interesting phenomenological applications, but also
for their intricate theoretical underpinnings which challenge
common quantum field techniques [3-5]. The dipole sym-
metry is an example of generalized symmetries, whose study
has led to breakthroughs in our understanding of quantum
field theories [6,7]. Moreover, the underlying symmetries
are closely related to Carroll symmetries [8—11], which play
a fundamental role in flat-space holography [12—15].

The infrared (IR) triangle [16] is a triangular correspon-
dence, which connects asymptotic symmetries, memory
effects, and soft theorems. It controls the infrared behavior of
gravity and several relativistic gauge theories, and is a
building block of the celestial holography program [17-21].

In [22] asymptotic symmetries of the fracton gauge
theory were analyzed at spatial infinity and the existence of
soft charges already hinted at an infrared triangle, which we
establish in the current work, by uncovering a novel and
observable double kick memory effect, which we relate to a
dipole soft theorem and to novel asymptotic symmetries in
the radiation regimes. This shows that IR triangles indeed
persist beyond the Lorentzian setup and lead to exciting
new physics.
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One consequence of the non-Lorentzian nature of the
fracton gauge theory is that its degrees of freedom have two
different dispersion relations and propagation speeds. As a
result, the spacetime has two radiative regions (see Fig. 1),
in contradistinction to the single null infinity in Lorentzian
theories. This makes the asymptotic structure of these
theories richer than that of their relativistic counterparts.

One of our main results is a novel memory effect. Memory
effects refer to observables that persist in a probe system
after the passage of waves. Early examples of memory
effects in the context of gravity include the displacement of
freely falling test masses [23-26]. However, this field has
witnessed a significant interest in recent years due the to
discovery of new memory effects and their relation to
fundamental properties of gravity [ 16,27—40]. While fracton
memory effect shares some features with gravity and some
with gauge theories, it has unique properties, in particular, it
leads to a double kick effect on test quasiparticles (dipoles),
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FIG. 1. (a) Since the waves propagate with speeds ¢ and ¢ the

theory has two different radiation zones (two “null infinities”).
(b) It follows that a dipole in the far region will receive two kicks,

but the orientation d of the dipole stays inert.
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as is depicted in Fig. 1. This double kick memory effect is a
measurable infrared observable and encourages the exciting
perspective to try to observe them in condensed matter
systems, especially considering the ongoing experimental
investigations into systems with dipole symmetry [41-44].

Fracton gauge theory.—In this section, we introduce the
(scalar charge) gauge theory [45,46] which describes the
interactions among charged fractons. It is a higher-rank
gauge theory defined by a scalar field ¢ and a symmetric
tensor A;; (i, j, k are spatial indices from 1 to 3), with the
Lagrangian density

1 c? - .
['[Aij’(p]:EEijEU_ZFiijljk+¢p_AijJUa (1)

where E;; = 0,A;; — 0;0;¢p and Fj; = 20;;A;;. The con-
stant ¢ has units of velocity and the tensors E;; and F; ;. are
analogous to electric and magnetic tensors, respectively.
The symmetries imply F|;;) = 0 and the useful relation
Fijy = - % F ;. The action (1) is invariant under the gauge
transformation

5,\45:0[[\ 5AAij :a[ajA, (2)
and leads to the equations of motion
ala]EU =p, (Sa)

8,Eij - Czaka - _J

i) = (3b)

ijs
where p and J;; represent the charge and current densities,
respectively. Consistency of the field equations (3) leads to
the continuity equation 9,p 4 9;0,J" = 0 which implies
that the electric charge Q and dipole moment d'

Q—/pd3x, di—/xipd3x (4)

of a localized source are conserved. The conservation of the
dipole moment implies, in particular, that isolated monop-
oles in this theory cannot move. Existence and time
independence of monopole and dipole charges (4) are
guaranteed by imposing asymptotic falloff conditions p =
O(1/r*¢) and J;; = O(1/r**€) for € > 0.

Decoupled field equations and memory effect.—An
important consequence of the fact that the fracton gauge
theory is not Lorentz invariant is that various dynamical
degrees of freedom obey different dynamical equations. We
decouple the equations of motion using a systematic
decomposition of the gauge field into representations of
the rotation group as A;; = AJ; + Al + Aj;, where the
superscripts T, TL and L, denoted collectively by m, refer to
transverse, transverse-longitudinal, and longitudinal pro-

Jections A}, = P}, A,,, with

jn» ijmn ijmn

:Hm(inj)nv
(5)

defined in terms of longitudinal and transverse projectors
IL; = 0,A™'0;, P;j = &;; —II,;. While the T, TL projec-
tions are gauge invariant, the longitudinal component can
be written as A{“I = 0;0;y, which is shifted under gauge
transformations d,y = A. Using this decomposition, the
constraint equation (3a) reduces to AA(yr — ¢p) = p, which
implies that the gauge-invariant combination y — ¢ is
nondynamical and the electric field is hence given by

E; =A% +ATF +0,0,071 (A7 1p). (6)

Overdots denote time derivatives and A~! is the inverse of
the Laplacian A = 9;0', given by a Green function integral.
Using (6) in (3b) combined with F; ik = 20;;Ejj;., one finds
the decoupled dynamical equations

OAL=J]

L DAl =l 9

iy

where [0, = —0? + %A is the wave operator with speed
c. The unequal propagation speeds ¢ and & = ¢/v/2 of
the dynamical degrees of freedom reflect the non-
Lorentzian nature of this theory with Aristotelian sym-
metry structure [8,47]. The dynamical variables Aj;, A1\
are gauge invariant and account for the expected 2 + 1
and 2 degrees of freedom, respectively. Equations (7) are
solved by

T _ pT -1 TL _ pTL
Aij*PijmnDC ‘]mn’ Aij *Pijmn

Oz (8)
where [I7! represents the inverse of [J, using a retarded
Green function integral. In deriving (6) and (8), we have
used the commutativity of derivatives with A~!, 71,
which can be proven in Fourier space.

Asymptotic behavior.—Assuming that the source is
localized, the asymptotic behavior of the fields can be
derived from an asymptotic expansion of (8) as r — 0. The
Coulombic contribution to (6) takes the form

A‘I(A‘IP)Z—/ 8:;

and therefore

1ar - -
By 1[4+ 5 - 2,) +ousm) (o)

1

where A?j refers to the leading order behavior A}, =

(1/r)A%; + O(1/r%). For the electric field, the nonlocal

projectors P,TJ{,?”L reduce, at leading order, to local projec-

tions on the sphere taking the same form as (5) but with
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(IL;;, P;;) replaced by (II;; = n;n;, P;j = &;; —I;;) with
n' = (x'/r) the normal radial vector.

Radiation of scattering dipoles: Since in this theory
isolated monopoles cannot move, a natural setup is the
scattering of moving dipoles. The current of a dipole d’
moving on a path z/(¢) with velocity v = /() is given
by [46]

p(t.x) = —d'0;5°(x —z(1)) (11a)

Jij(t.x) = —djv,)8 (x — z(1)). (11b)

We can use the current to calculate the Green integral

D_1J~~ 1 d(ivj>

= = , 12
7 4rnc?R(1-R - v/c) f—i—R/c (12)

where R = x — (1) and R, R are its norm and unit direction,
respectively. This is the fracton dipole analog of the Liénard-
Wiechert solution of moving point charges in electrody-
namics. Inserting (12) into (8), one finds that far from the
source, asymptotic fields Af;(n) and AT\(n) = n(iAJT.)L of a
dipole moving with constant velocity are given by

1 dioy 1 div,+ovid

AT (7)) ATL i or i “r
T _ S G R | S . (3
Y 4gc’l-n-v/c " 4x8% 1-n-v/C (13)

where we use X = P;;X/ and X, = X;n'.

Memory effects: The scattering process of N dipoles
labeled by a = {1, ..., N} will induce a memory 5/_\5 =
li u_m[AT( ) — AiTj(—u)], 6ATL = llmle[Al.TjL(ﬁ) -

TL(_ ~
ATL(~a)] given by
N adad_ aJ_
5AT 14
4ﬂczzl—n v/c’ (142)
1 N  a dqj_ a qJ_da
5ATL( ) ( 1 Ur—'_vl I‘), (14b)

47 1—n-v%/¢

-1
where n = 1 for outgoing and —1 for incoming dipoles and
us=t—rfc, ii:==t—r/c.

Double kick memory effect: These memory effects
have observable consequences. As an example, consider a
fractonic particle with dipole moment d' at a large distance
r from the source of radiation, which has initial velocity 1)6
at some initial time ¢ = #,. The dipole is affected by the
radiation through the generalized Lorentz force law [46]

d]
i}i:__(E1]+U Fkl]) (15)

Using the asymptotic form (10) of the electric field and
an analogous expression for the magnetic field, and

integrating the result over time in the interval (z,,7;), we
find that there is a net kick effect on the dipole that is
proportional to the memory effects [up to order O(r~2)]

d -
Sv, = <5ATL % 5A?j>, (16a)
mr
L~ TTL i SAT &0 ‘]diL
vt =—|d6A™ +@sAT [ 1+2) ~ L 5| (16b)
mr J c 8

where 6t = 1, —1;. Each of the fast and slow radiative
modes cause a net kick effect on the test dipole and thus it
undergoes a double kick memory effect (see Fig. 1).

Asymptotic conditions and Bondi analysis of fractonic
waves.—An immediate consequence of the different propa-
gation speeds in this theory is that at very large distances,
there will be a decoupling of the T and TL sectors, defining
two distinct radiation zones: the fast radiation zone of T
waves, where ¢, r - oo while u :=t — r/c remains finite,
and the slow radiation zone of TL waves, with it := t — r/¢
finite. Accordingly, the radiative phase space splits into two
distinct phase spaces I't, ['yy..

We will therefore analyze the structure of fields and
asymptotic symmetries in each of these asymptotic regions
independently. To this end, we solve (7) asymptotically in
the limit r — o0. We assume that the source fields decay
fast enough, so that we can implement source-free wave
equations at leading orders. We use the notation (cy, ig) to
unify results that are valid in both radiative regions with
their respective propagation speed and retarded time.

The transformation from Cartesian to spherical coordi-
nates, which are more convenient for the asymptotic analysis
is carried out by suitable projections with the triad (n', re,")
and ¢/, (n) = (dn'/00*). The induced metric y,p = &;;¢ ¢}
denotes the metric of the unit 2-sphere y,gdx*dx? = d6* +
sin®0dg? which is used to lower and raise A, B, ... indices
and has determinant y. Therefore, the analysis in the
preceding sections reveals the following asymptotic behav-
ior for the electric field written as a tensor density, i.e.,
multiplied by r*,/y

Em = E'T + r_lEfil) + O(l"_z), (178.)
EA = ErA 4 r_lEZél) +0(r ), (17b)
EAF — 1 EAP 2B 4 0(r7%). (17¢)

The asymptotic behavior of the electric field is consistent
with the following falloff for the potentials

b=LrdV 00 A,=0072). (18
T
A=A, +007"). Ayp=rAy+0(°).  (18b)
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Viewing A,, = O(r?) as a gauge-fixing condition, (18) is
consistent with the asymptotic behaviors of (8) and (9), and
the parameter g is matched with the total charge Q of the
bulk solution. As shown in [22], this expression for the
leading order of ¢ is essential for achieving both finite
energy density and charges.

The falloff (18) is preserved under gauge transforma-
tions (2) with parameter of the form

A =10, ) +ucn(0,9) +€0,9) + 0", (19)

and a similar expression in the slow radiation zone by
replacing (u,c¢) by (@i,¢) and (4,7) by (A.7). The
corresponding gauge transformation take the same func-
tional form in both regions [except that (1,7) — (4.7) in
the TL sector]

SpAa = =Dyn, (20a)

_ 1
OaAup = Dppd+7aB (E (D*+2)2— ’1) , (20b)

where D, is the covariant derivative with respect to
Yap.» While D> = D,D* is the sphere Laplacian and
Dap=%(DsDg + DDy — yspD?). The corresponding
charges and fluxes should be worked out in each radiative
region separately, as the radiative fields behave differently:

Transverse sector T: The radiative field in this region
is Ayp(u,0), while A,, and ¢© are time independent
functions on the sphere, we therefore find

o 7 q <A
E*=0 B =—pr ot JrA " (21a)

Transverse-longitudinal sector TL: The radiative field
in this region is A,4(ii,#), while A,; and ¢©) are time
independent. Accordingly,

A — \/?yABArB, FAB — _\/?yABSi. (22)
n

The charges corresponding to asymptotic symmetries (19)
can be worked out using canonical or covariant phase space
methods [48,49]. To get finite charges, we also impose the
following constraints [22], consistent with the solutions
obtained in the previous section

A, A0 O 3 ycontainZ > 1harmonics  (23)

in a harmonic expansion in Y, (6, ¢). Using the equation
of motion

1 - - _ q
—E" 4+ E-2D,E™ = —\fy—, 24
Ca i A \/77471 (24)
together with the conditions (21) or (22), one finds that the
total charge is finite and reads

Ole. 1] = fd%c(—e\/?%—i-/lp—i-nQ), (25)

where the charge densities depending on the radiation zone
are given by

_ 1. _
P:=E —2DAE(§‘1)+E(_2)+C—-E(_U, Q:=—E".

The term proportional to € in (25) gives the total charge,
while terms proportional to 4 and # give two infinite sets of
charges in each sector, where the conserved dipole moment
is the # = 1 in the mode expansion of P.

In the presence of radiation, charges are no longer
conserved, but carried away by fractonic waves. The time
evolution of the charges are specified by the following flux
equations derived from the equations of motion. In the fast
radiation zone (T sector)

7’):_\/77(DADB+7/AB)ZAB’ Q:CWA, (26)

whereas in the slow radiation zone (TL sector)

P=0, Q=-28yD"A,,. (27)
Note that (26) ensures the conservation of the dipole
moment (the £ =1 modes of P). Specifically, the TT
component of A,z does not contain modes with # = 1,
while the £ = 1 mode of its trace is annihilated by the
operator D* + 2 in front of it.

According to the flux-balance equations

dE < AB =

o= —cj{dzx\/?AABAAB, (Tsector), (28a)
dE - - -

o= —zcjgdzx\/?yABArAA,B, (TLsector),  (28b)

implying that radiation carries away energy from the
system, which is the fractonic analogue of Bondi’s energy
loss formula [50,51]. Note that the fluxes have a definite
sign, as expected.

Memory effect and asymptotic symmetries.—In this
section, we show that fracton memory effects can be
realized as a vacuum transition under fracton asymptotic
symmetries. Consider a dynamical process in which the
system is nonradiative before some initial time and after
some final time, implying that A,z =0 in the limit
u — £oo and A,, = 0 in the limit i — +co. The memory
effect discussed in the section on radiation of scattering
dipoles implies that the vacua are not identical before and
after radiation. Rather, the transition between the vacua
induces a large gauge transformation as we will see shortly.

Starting from (14) and transforming to spherical coor-
dinates, we find that the memory terms can be expressed in
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terms of three scalar memory fields Cg, Cy,Cy on the
sphere (S, V, T refer to scalar, vector, and tensor modes)

_ 1 _
5AAB :DABCT+§7/ABCS 5ArA :O, (Tsector),

A, =D,Cy S6A,5=0 (TLsector). (29)
The first (second) line refers to the memory accumulated
during the fast (slow) radiation.

Memory as vacuum transition: In each sector, the
corresponding memory leads to a change of vacuum given
by a large gauge symmetry. The memory 8A,, in the TL
sector corresponds to a large gauge transformation given by
ii = —Cy, 2 = 01in (20). The T sector is subtle, the memory
8Asp corresponds to choosing A= Cr, n=3[(D*+
2)Ct — Cg] in (20). This choice also induces a change in
A, 4, but that is no problem since A,, is not part of the
radiative phase space of the T sector. These equations can
be inverted to compute the memory fields

n' SAT ('
Cv(l’l) = E/dg/ﬁ(n)/ y (303)
wind [ AT w)
CT(l’l) = in /dg/m, (30b)
Cs(n) = PUsAT,(n), (30c)

where A= PYAT and ATT = AT, =1 P;;A. Implementing (14)
in these equations reveals the memory fields. The change in
the charges resulting from radiation flux is also exclusively
determined by the memory fields. Integrating (26) and (27)
in time, and using (29), one finds that the flux of charges
through the fast radiation (T sector) is given by

1
P = =5 cVr(D? +2)(D*Cr +2Cs), (31a)

6Q = 2¢,/yCs, (31b)
while the slow radiation (TL sector) carries
8Q=-2¢,/yD’Cy, &P=0. (32)

Thus we have established connections between asymptotic
symmetries and memory effects in the fracton infrared
triangle.

Another important aspect to consider is the matching
conditions at the intersection of the different radiation
regions. We expect to discuss this point in detail in the
extended version of our work [52].

Soft factors from the memory effect.—In this section, we
determine the soft factors for a scattering process of dipoles
from the memory effect.

Consider a scattering process of N dipoles with momen-
tum p, = m,v, and dipole moment d,,, with the emission
of one fractonic soft photon with frequency @ and

polarization projectors €. The scattering amplitude is
expected to factorize in the soft limit @ — 0 as

-An+1 (va’ d(l; w, €ll]) = aeysl!jAn(vm d(l) + O(wo) (33)

To derive the soft factor S?j’ we will closely follow [30].
We illustrate the derivation for the T sector, while the
analysis for the TL sector would be similar. Starting from a
Fourier mode decomposition of the gauge field AIT] it can
be shown that the radiative field AZ-TJ- = lim,_ o (rAiTj) can be

computed using a saddle point approximation
- i dw + .
AT (u,n) == | —— (e%al(w,n)e™ —c.c.),
) =5 [ s (alto.me —ce)

where a labels the transverse mode with polarization €7,

created by a,. The next step is to use this result to compute
the memory

1
- €2li !
i elJiIE)[wa"(w’ n)+c.c.l.

_T o LT o
5Alj = /dMAU =
This equation relates the memory to the creation and

annihilation of a fractonic soft (zero frequency) photon.
As a result, an amplitude with an external soft photon
factorizes according to (33) with soft factors

S® = —4nciSAY,. (34)

Thus, the soft factors S7;, ST in (33) are given up to overall
factors —4mcZ by (14a) and (14b), respectively. An alter-
native derivation of the soft factors is detailed in
Supplemental Material [53] and involves the use of
Feynman diagrams within a simple effective model that
describes the dynamics of dipoles coupled to the fracton
gauge field.

Discussion and outlook.—In this work, we introduced an
observable double kick memory effect (see section on
decoupled field equations and memory effect) and the
corresponding dipole soft theorem (see section on soft
factors from the memory effect), which we related to the
asymptotic symmetries of fracton gauge theory. This
provides the first instance of an IR triangle for a theory
beyond Lorentz symmetry and further evidence for the
robustness of this triangular correspondence.

The tools developed and implemented in this work can
be used to study radiation and IR effects beyond Lorentzian
symmetries, which opens the door to explore other models
of relevance to condensed matter systems and beyond,
e.g., [45,46,56-83]. The double kick effect (see Fig. 1)
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is an example of a novel memory observable which exhibits
the more intricate structure that can appear in a non-
Lorentzian theory.

One avenue we would like to highlight involves leverag-
ing dualities in 2 + 1 dimension between (specific models
of) fractons and vortices [84] as well as the relationship with
elasticity [85,86] (see [87] for a review). These dualities
open up exciting possibilities for creating experimental
setups that are potentially easier to realize and which could
facilitate the observation of memory effects (see also [88]).

While fractons have originated from condensed matter
physics, they might play an important role in the holo-
graphic understanding of gravity in asymptotically flat
spacetimes. The reason is the correspondence between the
fracton algebra and the Carroll algebra which is the
underlying symmetry of gravity in asymptotically flat
spacetimes [9-11,89-91]. Indeed, many of the discussed
dualities and experiments can equally well be seen though
the lens of Carrollian physics, e.g., in [92] insights from
fractons have been used in the context of Carroll fluids.

We have focused on the leading IR behavior. However, it
might be interesting to explore subleading effects and
consider how celestial holography [17-21] could be
extended to this setup. After all Lorentz symmetry is
absent, but we still recover an analog IR structure. In
addition, to getting closer to experiments that investigate
dipole symmetry [41-44] it might also be interesting to
introduce and study boundaries at finite distances.

Motivated by the historically prolific interdisciplinary
dialogue between high-energy and condensed matter phys-
ics, we are also excited by the prospect that the inaugural
experimental validation of memory effects may manifest
within the domain of condensed matter systems. We hope
that this work will serve as an initial stepping stone for this
promising endeavor.
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